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Abstract  
 
Generality is at the heart of mathematics. When executing a mathematical procedure, what do 
students learn … the procedure or the generality present in the procedure? In this paper I report 
on a study which engages learners in an activity that not only reveals dimensions and depth of 
learners’ awareness but also acts to promote and enrich their appreciation of mathematical 
topics. Twenty five students studying A-level and undergraduate engineering, pure mathematics 
and education were invited to construct relevant mathematical objects meeting specified 
constraints. Having constructed these objects, learners displayed a range of awareness of the 
effect of the construction tasks on their understanding of the concepts involved. 
 
Keywords: generalization, mathematical examples, mathematical thinking. 
 
Abstrak 
 
Generalisasi adalah asas kepada matematik. Apabila membuat sesuatu prosedur matematik, 
apakah yang pelajar pelajari … prosedur tersebut atau generalisasi yang terdapat dalam 
prosedur? Dalam artikel ini saya melaporkan satu kajian yang melibatkan pelajar di dalam 
aktiviti yang bukan hanya memperlihatkan dimensi dan tahap kepekaan pelajar tetapi juga 
bertindak memperkayakan apresiasi pelajar terhadap topic tersebut. Dua puluh lima pelajar A-
level dan pelajar tahun satu dalam jurusan kejuruteraan, matematik tulen dan pendidikan telah 
diminta membina objek (contoh) matematik yang relevan yang mamatuhi kekangan-kekangan 
tertentu. Menerusi pembinaan objek-objek tersebut, pelajar mempamerkan kepelbagaian 
kepekaan tentang kesan aktiviti tersebut ke atas pemahaman konsep matematik mereka.   
 
Introduction  
 
Generalising is the essence of human life. Human beings deal with generalisation and abstraction 
all the time. In language learning, a child generalises the past tense rule to come up with 
sentences such as “My mother buyed this at the shop yesterday.” In mathematics too, ideas are 
presented in specific notations which are manipulated in order to abstract their properties. 
Learners are expected to discern, from the contexts, which relationships and properties of the 
ideas are general and to disregard those that specify details of the context. However, seeing 
generality through particular instances is not something that occurs naturally for many learners. 
The fact that generalisations are expressed in particular notations, which can be manipulated in 
order to abstract relationships independent of the context, presents further difficulty. However, it 
is often the case that contexts characterise mathematical examples that are used rather than 
aspects that are exemplified in the contexts. 
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Whitehead (1911, p. 4) writes, “to see what is general in what is particular and what is permanent 
in what is transitory is the aim of scientific thought” (cited in Mason & Johnston-Wilder, 2004). 
Mason (1996) commented on pedagogic strategies that overlook the importance of 
generalisation. He says that “a lesson without the opportunity for learners to generalise is not a 
mathematics lesson” (p. 65). According to Mason, learners come to lessons with natural powers 
to make sense and therefore, it is the teachers’ job to direct learners’ attention appropriately and 
effectively. He goes on to stress that, 
 

If teachers are unaware of its [generalisation] presence, and are not in the habit of getting students to work 
at expressing their own generalisations, then mathematical thinking is not taking place. 

(Mason, 1996, p. 65) 
 
It is often the case that learners may be well-equipped to work on the standard textbook problems 
in a familiar context and yet become incapacitated when faced with novel situations. This may 
explain why learners do not seem to be able to cope with situations beyond what they are 
familiar with. ‘Situated cognition’ (Lave, 1988; Brown, Collins and Duguid, 1989) offers one 
possible explanation to account for learners’ inability to apply knowledge conceived in a specific 
context, to new situations. ‘Situated cognition’ is used to account for absence of transfer, a term 
used by behavioural psychologists to speak about the development in learning by applying 
knowledge into new, unfamiliar situations (Detterman and Sternberg, 1993). 
  
Knowing to act in a fresh situation requires the need to know how and when to apply something 
learned in one context to another. This requires something in the new situation that resonates 
with past experience, which triggers, for example, techniques to come to the surface. For this to 
happen, the situatedness of the context in which the techniques were learned needs to broaden 
and extend. Actions which come to mind in a novel situation provide insight into learners’ focus 
of attention and hence suggest aspects of understanding they stress and others they may 
overlook. I see conceptual understanding as not only the ability to use situated knowledge to 
solve routine problems correctly but more importantly, as the ability to extend that situatedness 
appropriately and efficiently into unfamiliar situations. Dealing effectively with novel situations 
is likely to depend on which aspects of the concept/idea become the focus of learners’ attention 
namely, what they regard as important. In this paper, I report on a study which explores learners’ 
awareness of a mathematical topic using the ‘Structure of a Topic’ framework (Mason & 
Johnston-Wilder, 2004) to probe learners’ understanding of integration. I discuss only one of the 
many tasks that were prepared for the study.  
 
The calculus topic of integration was the focus of this research, although the applicability of the 
theoretical framework developed and the tasks and methods used can be extended to the teaching 
and learning of a much wider range of mathematical topics. I do not expect readers of this article 
to know about integration. It is adequate to know that integration is a tool for calculating area 
under a curve (the area between the curve and the x-axis between certain limits) (see Figure 1). 
For those who are interested in the mathematical details, this is known as The Fundamental 
Theorem of Calculus, which states that the area under the graph of a function over an interval 
can be calculated by evaluating any antiderivative of the function at the endpoints of the interval. 
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Figure 1: Area under a graph 
 

What constitutes understanding? 

Understanding in mathematics is a dynamic process. It can be thought of as an active process of 
constructing connections between knowledge by extracting relationships among mathematical 
facts, procedures, concepts and principles and forging links between new knowledge and what 
one already knows (past experience). To understand means to know what to do and to appreciate 
why that is what one does and why it works.  
 
Tall & Vinner (1981) used the notion of concept image to capture what it means to have a sense 
of a concept. It describes “the total cognitive structure that is associated with the concept, which 
includes all the mental pictures and associated properties and processes” (p. 152). Using 
awareness to explain the act of coming to know mathematical ideas, Gattegno (1987) asserts that 
‘knowing’ means stressing awareness of something and that this awareness is what is educable, 
whereas other things can be trained. Informed by this assertion and enriching the notion of 
concept image with the three interwoven dimensions of human psyche (cognition, affect, 
enaction), Mason (2002) developed a framework referred to as ‘Structure of a Topic’ to describe 
how a mathematical topic is conceived.  

 
The framework comprises three strands: behaviour, emotion and awareness which run are 
closely associated with the more familiar terms enaction, affect and cognition. Behaviour is 
trained through practice but training alone renders the individual inflexible. Flexibility arises 
from awareness which informs and directs behaviour. Therefore, behaviour which is to be 
flexible and responsive to subtle changes must be guided by active awareness. Learning then 
involves educating awareness which in turn directs appropriate behaviour. Energy and 
motivation to learn arise from the harnessing of individuals’ emotions. While there are other 
perspectives on how understanding is structured (see for example Kilpatrick et. al., 2001), they 
too can be explained in terms of behaviour, emotion and awareness.  
 
A particular form of active awareness is the discernment of variation, which is what Marton 
(Marton & Booth, 1997) regards as learning: making distinctions, both discerning something 
from, and relating it to, a context. Awareness of things that can vary and those that remain 
invariant in mathematical objects is essential for understanding any concept. Learners can be 
assisted in becoming aware of the invariance when constructing new mathematical objects for 
themselves. In the context of learning, Watson & Mason (2005) argue that learning involves 

b 
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extending awareness of dimensions of possible variation associated with tasks, techniques, 
concepts and contexts. In this regard, what learners make of mathematical examples and their 
awareness of what can vary and what is kept constant to maintain the exemplary nature of the 
examples can reveal dimensions and depth of their awareness and promote and enrich their 
appreciation of the mathematical topics. 

 
Example Construction 
 
An integral part of effective mathematics instruction is the use of examples to illustrate and 
clarify mathematical concepts. While teachers may use examples to illustrate definitions and 
exemplify use of certain rules, learners may develop restricted thinking that only those kinds of 
examples are appropriate, and so may overlook the generic sense of exemplification which the 
teacher intends for them. Constructing examples, however, involves different cognitive skills 
from working out given examples. Dahlberg & Housman (1997) showed how learners who 
generated examples and reflected on the process attained a more complete understanding of 
mathematical concepts by refining and expanding their evoked concept image. Hazzan & Zazkis 
(1997) showed how learners had difficulty managing degrees of freedom of generated examples. 
Watson & Mason (2005) maintain that encouraging learners to generate examples of 
mathematical objects can expand their example space and shift their attention away from the 
particularities of examples to generalizations. By prompting learners to construct examples, what 
they choose to change reveals dimensions, depth and scope of their awareness. Constructing 
examples forces them to attend to form in the example and disregard details that make up the 
example. Discerning generality with an awareness of particular details in mathematical examples 
requires learners to be sensitive to what can change and what must remain constant. Although 
learners do not normally encounter this type of question in their learning of concepts, it is my 
conjecture that example construction itself could develop their ability to discern dimensions-of-
possible-variation and could reveal their awareness of the concept, which could give insight into 
the structure of their understanding.   
 
Method  

 
Semi-structured interviews were carried out with five pairs of students studying A-level 
mathematics and fifteen undergraduates around South East England in the United Kingdom. 
These students were in their first year, studying mathematics, engineering and education. The 
sessions were tape-recorded. The aim of the interview was to expose the variation in structures of 
understanding amongst different learners. The questions in this task were intended to elicit 
learners’ understanding in terms of what they are aware of, how their behaviour develops and the 
corresponding emotion that provides motivation and energy to learn the topic. 
 
The students were then invited to construct relevant mathematical objects meeting specified 
constraints with the aim of revealing their connections to the topic. The question was: 
 

Given 0)1(
2

0

=−∫ dxx , find another example like this where the answer is 0.  

 



 5 
 

For those who are not familiar with integration, the example above translates into signed area 
under the graph y = 1 – x from x = 0 to x = 2 being zero because there is as much area above the 
axis as below (area above the x-axis is taken as positive and area below the x-axis is taken as 
negative) and so the two values cancel each other. 
 

 
Figure 2: The area under the graph of  y = 1 – x  from 0 to 2 

 
 
Learners who are aware of this association with area may become aware of a number of possible 
things to vary: the function, the limits, the method and the variable x. They were then asked to 
construct another example and a third one. The aim was to reveal their connections to the topic 
by changing dimensions that could vary. What they chose to change in their examples could 
reveal the scope and nature of their awareness, and thus understanding. 
 
Data analysis 
 
Analysis of the data suggests that learners associate the concept of integration both with the 
reverse process of differentiation and with area under a curve, but in different intensities. 
Responses also suggest that learners’ awareness of the concept revolves around techniques of 
integration. They also pointed out things they had learned to watch out for when doing 

integration like integrating negative powers, expressions containing 
x

1
 and fractional powers, 

but the integration constant and the use of correct technique and formulae seemed to be their 
central concern. 

 
Probes into learners’ knowledge of language pattern and words that trigger integration suggest 
that learners have some knowledge of technical terms such as limits, dx, powers, functions, 
logarithms, area, and volume. Learners also identified techniques of integration such as 
integration by parts, by substitution, partial integration, looking out for derivatives and worked 
comfortably with the technique of increasing the power and dividing by the new power. 
However, these language patterns often appear to be mere linguistic associations with little or no 
mathematical meaning attached to them. This was apparent when learners in this investigation 
appeared to ignore these terms when discerning properties of integrals.  

 
The context in which integration is used was seen only as textbook problems with no real 
application outside of the classroom. The fact that learners do not see the potential use of the 
concept in real life could affect the way they approach learning the concept, confining 
themselves to mechanical application of rules. 

y  =  1 - x y 

 x 

x  =  2 
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Example construction 
 
Having learners construct mathematical objects which meet certain constraints can reveal their 
awareness. Learners are invited to discern with dimensions of possible variation that could direct 
their behaviour and motivate them. In presenting an analysis of the construction task, I have 
provided episodes that lead to generalization and instances of learners revealing awareness of 
dimensions of possible variation. 
 
Episode 1: Manipulation of specific details  
 
In constructing and generating examples, many respondents first engaged in algebraic 
manipulation of the given integral. The learners appeared confused, indicated by the long pauses 
as the construction task was presented as they sought accessible objects. The learners attempted 
the task by manipulating specific details of the integral and ignoring the ∫ sign.  Many seemed 

unaware of the fact that the expression they constructed was actually a single point. The ∫ sign is 

seen as a trigger to do something and this appeared to turn into a command to plug in numbers.  
 

Interviewer:  Given that 0)1(
2

0

=−∫ dxx . Can you give another example for which the answer is zero? 

Chris:           You could have just x limits -1 to 1. What you do is you take the lower limit from the upper 

limit, so 1 – 1 is zero. So∫−
1

1

xdx. No, that makes 2. Unless it’s∫1
1

xdx . 

 
Episode 2: Sense of generality 
 
Being asked to generate more examples, the learners appeared to have a sense of generality and 
engaged in the task more enthusiastically, which was apparent in the speed with which they 
produced subsequent examples. 
 

Interviewer:  Given∫ =−2

0

0)1( dxx . Can you find another example for which the answer is zero? 

John:  ∫ −3

0

23 dxx . 

Deenah:  ∫ −2

0

)1( dxx . 

Interviewer:  Can you give another example? 

John:   I guess ∫ −4

0

3)4( dxx . I’ve not worked out the general rule. 

Interviewer:  What is the most the general example you can think of? 
Deenah:   If you make one negative and one positive it might work. 
Interviewer:  What are the things in the integral that you can change and still get the answer 0? 
John:   The limits and the expression. 
Interviewer:  What happens when you change the limits or the expression? 
Deenah:   When you change [upper] limits, take multiples of limits. For example 5 [you take] 125. 
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Interviewer:  Can you give another example? 

John:   ∫ −6

0

54 )6( dxx .  

Deenah:   [Checks] Yeah. 
 

 
The learners required extra triggers to relate the object to area. Further prompting appeared to 
have enabled some of them to become aware of the generality in the example and express the 
generality.  
 

Interviewer:  Can you give me a general example for which the answer is zero? 

Deenah:   ∫−
1

1

xdx [Checks]. ∫− −
1

1

xdx, let me find out …is that right?  

 

John:    So that would be ∫ −− −n
nn dxxn

0

12 )( . You could prove that by induction. 

Paul:   It is just symmetric so whatever you’ve got the same thing on both sides, actually opposite 
things on both sides, like where you stick the same value and plus and minus and that bit 
cancels that bit. 

 
Episode 3: Generalizing 
 
After further prompting, some learners extended the example to more general ones. 
 

Interviewer:  Why is it [the integral] coming to zero? 
John:    Because this is different area under the curve. [Long pause] We have actually integrated 

across … We probably got it wrong, have we? y = - x is that line [sketches] So in fact we’ve 
got two areas that have been taken away from each other. So in fact the area under the curve, 
depending on how you define area under a curve … so should we not have integrated from 0 
to 1? 

Interviewer:  Now can you think of another example? 
John:   Any value between there [sketches linear graph crossing x-axis]. So where you got the area is 

opposite sides of the x-axis. In this case you should integrate it from there to there [refers to 
sketch]. 

 
 
Some of the learners did generate more varied and general examples. 

 
Interviewer:  Give me another example. 

Deenah:     If you take ∫
−

4

4

tan

π

π
xdx  that will come out to zero because it’s equal area on top and at the 

bottom.  

John:      If you take∫π2

0

sinxdx, area above x-axis is equal to area below x-axis. 
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Some of the learners displayed deeper awareness of what was going on after further prompts by 
the interviewer. 
 

Interviewer:  Why is it coming to zero? 
Margaret:      Because there’s no area underneath it touching the graph, touching the x-axis. [After 

sketching] Aaahh .… they’re cancelling each other out. Look at that! Nifty! Because part of 
the area is underneath and it’s negative and it cancels out. … So we can do [change] both 
limits, couldn’t we? … So we’ve simply got the situation here, we’ve got these little areas, 
when x is naught we got 1, naught and -1 and then naught to 2, if we sum both of them, we 
are going to get little areas that are going to cancel each other out. 

 

She then constructed examples such as ∫− −3

1

)1( dxx  and ∫− −4

2

)1( dxx . Asked to express her awareness 

of dimensions that could vary explicitly, she noted: 
 

Margaret:  You can change the function; involve any straight line function that cuts through the origin 
…. It doesn’t necessarily have to go through the origin, does it? You have to set the limit 
from either side of the point where it did go through. Any straight graph would work.  

 
 
Prompting learners to construct examples systematically one after another opened up 
dimensions-of-possible-variation in the objects for the learner to discern and vary properties that 
can be varied. It not only revealed aspects of the object that are focussed on, but also revealed 
their awareness of dimensions-of-possible-variation and sense of generality. Technique of 
integration appeared to be the aspect that learners focussed on and therefore discerned and 
varied. Other aspects of the object such as area did not seem to be in the focal of their awareness 
and therefore not focussed on. This aspect needed extra triggers to be discerned or varied.  
 
Learners were asked whether the example construction tasks had developed any shift in their 
awareness of change within them:  
 
 

Interviewer:  Having constructed these examples, are you now aware of any changes in your sense 
of/understanding of the concept?   

Margaret:   I think it helps you discern what’s in front of you in the sense that you [are] saying what is 
it that makes [it] what it is. Once you’ve isolated that you can then identify other things 
which are similar either more complex or less complicated but still the same in similarities. 
I’ve never tried to make easier or more complicated ones virtually the same thing or not 
certainly with integration but it made me look at the function being integrated and consider 
the method you would need and the characteristics of the function itself to try and discern 
some parameters, put it in a box in some way to make it possible to make similar the 
deviant. 

Holly: We don’t normally have situations where you are told to give examples; you are just given 
things to do. That’s normally the other way round rather than you actually thinking of the 
examples. I suppose as students in school, we haven’t really had a chance to create many 
ideas like this for ourselves. We have always been given ones to derive or to evaluate 
ourselves. 
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By becoming aware of features not previously at the focus of their attention, learners who 
appeared expecting to be ‘tested’ of their knowledge of integration in fact revealed to themselves 
aspects of integration that were not previously salient to them.  
 
Discussion and conclusion 
 
The different ways in which learners experience and understand mathematical concepts can 
reveal the nature and structure of differences in how learners experience and understand what 
they are supposed to learn. Particularly, learners’ awareness is revealed through aspects in a 
problem/situation which they focus their attention to and which they regard as important.  
 
The ‘Structure-of-a-Topic’ framework based on awareness, behaviour and emotion outlines the 
necessary components for what it means to understand and appreciate a mathematical topic. 
Analysis of data based on this rich framework suggests that some aspects of a topic may be the 
focus of learners’ attention/awareness and therefore stressed, while other aspects may be 
overlooked and thus pushed to the background. The framework can be used to explain the 
different ways in which learners experience and understand mathematical concepts by looking 
into the extent to which learners’ awareness/attention is drawn explicitly to what is being 
learned. The investigation seems to suggest that learners tend to overlook the significance of one 
or more of the strands in the framework and to direct their attention to techniques alone. This 
could incapacitate them once a novel situation which does not appear to have a readily applicable 
technique is encountered.  
 
Becoming aware of change in one’s perception and developing the ability to express appreciation 
such a change requires learners to become sensitized to that change. A change in perception 
afforded by the example construction tasks is particularly important since learners become 
sensitized to notice structure in mathematical example. Awareness of what can change and what 
must remain constant helps learners discern form from details in examples. By becoming aware 
of features not previously at the focus of their attention, learners who were expecting to be 
‘tested’ about their knowledge in fact revealed to themselves aspects of the concept that were not 
previously salient to them. While some learners expressed appreciation of the revealed 
awareness, others focused on details of the tasks themselves and did not articulate any awareness 
of this change. 
 
Mathematical example construction offers possibilities not only for learners to reveal to 
themselves their own awareness and to assist them in gaining deeper understanding of 
mathematical concepts by opening up dimensions of possible variation. Learners’ awareness of 
things that can vary and those that are invariant suggests that learners are exploring further into 
their example space and thus, educating their awareness and gaining deeper understanding. 
Learners are prompted to express their sense of generality of the object by identifying structural 
aspects of the object. Constructing examples meeting specified constraints not only reveals what 
learners focus on when attending to a question and their awareness of the dimensions that they 
can vary in the objects, it also sheds some light into how their understanding is structured. 
Furthermore, it could give the impression to them that complex mathematical objects are in fact, 
simple. 
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Research activities that traditionally focus on learning about probes from learners’ responses 
only stress the strengths or weaknesses of probes. On the contrary, this study demonstrates the 
use of probes in learning about learners. Sensitivity of probes is important in revealing more or 
different things learners could be aware of because different probes elicit different responses 
from learners. Not only do the probes reveal to the researcher something about learners’ 
awareness, they were also very revealing to learners themselves, about their awareness of aspects 
of the topic as revealed through their construction of mathematical examples. Learners who were 
sensitized to their own change in their perception articulated the change and expressed their 
appreciation while others focused on the details of the tasks themselves. Surprisingly, the tasks 
that were intended to be research probes had an impact on some learners’ thinking of the concept 
and of themselves. 
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