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length journal bearings in laminar
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Abstract

Dynamic coefficients of a finite length journal bearing are numerically calculated under laminar and turbulent regimes

based on Ng–Pan–Elrod and Constantinescu models. Linear stability charts of a flexible rotor supported on laminar and

turbulent journal bearings are found by calculating the threshold speed of instability associated to the start of instable oil

whirl phenomenon. Local journal trajectories of the rotor-bearing system were found at different operating conditions

solely based on the calculated dynamic coefficients in laminar and turbulent flow. Results show no difference between

laminar and turbulent models at low loading while significant change of the size of the stable region was observed by

increasing the Reynolds number in turbulent models. Stable margins based on the laminar flow at relatively low

Sommerfeld numbers S40:05 were shown to fall inside the unstable region and hence rendering the laminar stability

curves obsolete at high Reynolds numbers. Ng-Pan turbulent model was found to be generally more conservative and

hence is recommended for rotor-bearing design.

Keywords

Finite length journal bearing, dynamic coefficients, stability, oil whirl, threshold speed of instability, Ng–Pan–Elrod and

Constantinescu turbulent models

Date received: 22 June 2016; accepted: 29 December 2016

Introduction and literature survey

The ever increasing demand for injecting natural gas
underground at high pressures was the incentive for
the design of multistage compressors. One common
fault in such compressors had been excessive lateral
vibrations that were identified as sub-synchronous
whirl.1 Ideally a rotor is designed just to undergo
the spin mode of motion. However, rotors undergo
a different preceding type of motion known as rotor
whirling that can be caused by a variety of mechan-
isms such as imbalance and misalignment with whirl
frequencies of equal (synchronous) and higher (super-
synchronous) than the spin speed of the shaft, respect-
ively. In turbomachinery, an instability is usually
referred to rotor whirling at frequencies other than
the rotating spin frequency of the shaft.

Although sub-synchronous rotor whirling is not the
most common type of instability, when it does occur at
certain operating conditions, it can lead to high amp-
litude and potentially destructive lateral vibrations in
the system. The necessary condition for occurrence of
such whirling modes is when the operating spin speed
of the shaft exceeds a threshold speed known as

‘‘threshold speed of instability’’ causing sub-synchro-
nous whirling known as oil whirl/whip.2 Linearized
stiffness and damping coefficients are frequently used
as the basis for stability analysis of the rotor-bearing
systems in an aim to find the threshold speed of
instability of a rotor-bearing system. The linearized
coefficients are evaluated at the equilibrium position
of the journal and are commonly calculated either by
the infinitesimal approach of Lund3 or the finite per-
turbation approach similar as in Qiu and Tieu.4

The Journal bearing force is a strong nonlinear
function of its position with respect to the bearing
chamber. However, the stability of the rotor-bearing
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system can be characterized by means of linear
analysis with the use of linearized bearing dynamic
coefficients. It is known that the ‘‘local’’ stability of
a non-linear system is essentially the same as the local
stability of its linearized form, even though their
stability type and global stability could be different.
Local stability analysis is valid, only if the operating
condition of interest is close enough to an operating
equilibrium point or a fixed point of the system. Being
close to a fixed point of the system is also a require-
ment for accurately estimating the linearized dynamic
coefficients of the system, although there are different
reports on the minimum required distance from fixed
points to obtain accurate results. Lund3 used the
infinitesimal approach for obtaining the dynamical
coefficients where the induced bearing pressure is per-
turbed by an infinitesimal amount through perturbing
the oil film thickness. The operating points arising
from infinitesimal perturbation of the system are by
definition very close to the steady-state points of the
system. He reported that the obtained coefficients
are valid up to 40% of the bearing clearance. As an
alternative approach for obtaining the dynamic coef-
ficients, finite perturbations of the journal position
and velocity are carried out combined with direct
numerical differencing to obtain the linearized coeffi-
cients. Qiu and Tieu4 studied the effect of perturb-
ation amplitudes and concluded that the finite
perturbation-based calculated coefficients are within
2.5% of those obtained by the infinitesimal approach
if the perturbations of displacement and velocity are
kept less than 5% and 4%, respectively. Choy et al.5

calculated nonlinear bearing stiffness coefficients
and showed that oil film forces will exhibit nonlinea-
rities when displacements are sufficiently far from
the steady-state operating point. San-Andres and
Santiago6 obtained the dynamic coefficients under
high dynamic loads for which the journal moved in
large orbital motions of up to 50% of the bearing
clearance and found good agreement with analytical
linearized coefficients. Meruane and Pascual7 calcu-
lated linear and nonlinear bearing coefficients under
large orbital motion and showed that the linearized
analytical coefficients agree reasonably with numeric-
ally obtained linear coefficients. They reported neg-
ligible variations between the linear and nonlinear
models provided that the operating speed is kept
below the instability threshold speed. Weimin et al.8

and Yang et al.9 used an infinitesimal approach to
calculate the linear and nonlinear bearing coefficients.
Their results indicate close similarity between linear
and nonlinear coefficients for eccentricity ratios of up
to � ¼ 0:8 . They reported that linearized results will
be incorrect at very high journal loads, especially for
�4 0:95.

The majority of the stability studies of rotor-
bearing systems in the literature are based on the
declaration that fluid-film flow remains laminar
throughout the operation of the machine. For large

and heavy load bearings that run at high spin speeds
and utilize low kinematic viscosity lubricants, the oil
film flow becomes turbulent. To correctly identify the
instability phenomenon and the oil whirl threshold
speed of instability, the flow regime (whether laminar
or turbulent) needs to be taken into account. This
requires including the turbulent effects on the
dynamic fluid forces as predicted by the Reynolds
lubrication equation. Hashimoto and Wada10,11 and
Wang and Khonsari12 investigated turbulent journal
bearing performance under dynamic conditions for
short bearings. They linearized turbulent coefficients
in the Ng–Pan–Elrod model in an attempt to derive
analytical expressions for journal force. However,
their implemented linearization can lead to erroneous
force predictions at large eccentricity ratios and high
Reynolds numbers. Chang-Jian and Chen13,14 investi-
gated the dynamics of a flexible rotor bearing system
supported by two turbulent journal bearings. They
neglected the spatial gradients of turbulent coefficients
to simplify the pressure and force calculations to
obtain closed-form solutions. Their simplifying
assumption can also lead into erroneous performance
predictions.

In this paper, the pressure distributions of turbu-
lent finite length journals are obtained by proper
numerical solutions to modify Reynolds lubrication
equation. Two turbulent models of Ng–Pan and
Elrod and Constantinescu were implemented in the
modified equation for comparison purposes. The cal-
culated pressures are then used as the basis of
the infinitesimal perturbation method in finding the
turbulent dynamic coefficients for a range of operat-
ing conditions. Having the dynamic coefficients,
the threshold speed of instability of a flexible shaft
supported on end laminar and turbulent journals is
found by means of linear stability analysis. Stability
bounds are then compared for different shaft stiffness
and Reynolds numbers ranging from laminar to fully
turbulent flows in an attempt to study the range of
applicability of original Reynolds equation and to
find the operating conditions for which the modified
analysis under turbulent conditions is necessary for
obtaining accurate stability bounds. The journal bear-
ing trajectories are also obtained by means of fast and
robust implicit integration techniques for laminar and
turbulent regimes solely based on the calculated
dynamic coefficients.

Governing equations

Figure 1(a) shows a schematic of a journal bearing
inside the bearing clearance. A simple rotor-bearing
system can be represented as a concentrated mass sup-
ported on journal bearings modeled as direct and
cross-coupled spring and dampers as shown in
Figure 1(b) (cross coupling not shown).

Under static equilibrium, the weight of the rotor
and journal is in balance with the bearing force such
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that ~F þ ~W ¼ 0 and hence relative to the static equi-
librium state, the x and y components of the dynamic
deviation of bearing force upon the rotor can be
expressed as follows

Fx þWx ¼ fx ¼
@Fx

@x
dxþ

@Fx

@ _x
d _xþ

@Fx

@y
dy

þ
@Fx

@ _y
d _yþ ðhigher order termsÞ

Fy þWy ¼ fy ¼
@Fy

@x
dxþ

@Fy

@ _x
d _xþ

@Fy

@y
dy

þ
@Fy

@ _y
d _yþ ðhigher order termsÞ

ð1Þ

It is convenient to write equation (1) in the follow-
ing matrix form

fx

fy

� �
¼ �

Kxx Kxy

Kyx Kyy

� �
x

y

� �
�

Cxx Cxy

Cyx Cyy

� �
_x

_y

� �
ð2Þ

where Kij � � @Fi=@xj
� �

and Cij � � @Fi=@ _xj
� �

are the
eight bearing stiffness and damping coefficients as
proposed by Lund.15 The bearing reaction force can
be calculated by integrating the oil-induced pressure
over the surface of the journal

FR ¼

Z �cav

0

Rd�

Z L
2

�L
2

P cosð�Þdz,

FT ¼

Z �cav

0

Rd�

Z L
2

�L
2

P sinð�Þdz

ð3Þ

In order to calculate the oil induced pressure, one
needs to solve the Reynolds partial differential equa-
tion for laminar flow
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In relatively large diameter (d4 0:4m) journal bear-
ings, the flow state becomes turbulent at low rotating
speeds (!5 400 rpm), when using low-viscosity lubri-
cants, or when operating with large clearances. The
state of the flow in fluid-film journal bearings can be
judged by its Reynolds number. Turbulence comes into
an effect at Reynolds number of approximately
2000 and higher.16 For unsteady, incompressible tur-
bulent flows in the oil film journal bearings as shown in
Figure 1, the Reynolds equation can be written as

1

R2

@

@�

h3

k��

@P

@�

� 	
þ
@

@z

h3

kz�

@P

@z

� 	
¼
!

2

@h

@�
þ
@h

@t
ð5Þ

where k� and kz are the turbulence coefficients in cir-
cumferential and longitudinal directions, respectively.
In this paper, two turbulence methods are employed.
First is the Constantinescu’s model based on the
Prandtl mixing length hypothesis,17,18 and second is
the Ng–Pan–Elrod model based on eddy viscosity.17,19

The turbulence coefficients along with their con-
stants for both employed models are presented in
equation (6) and Table 1

kz ¼ 12þ a1ðRe
�Þ

a2

k� ¼ 12þ a3ðRe
�Þ

a4

�
ð6Þ

Figure 1. The schematic of a journal inside bearing (a) and modeling the effect of journal bearings with linear stiffness and damping

coefficients (b).

Table 1. Turbulent constants of Constantinescu

and Ng–Pan–Elrod model.

Constants

Turbulence methods

Constantinescu

Model

Ng–Pan–Elrod

Model

a1 0.0198 0.0044

a2 0.741 0.96

a3 0.026 0.0136

a4 0.8265 0.9

Miraskari et al. 3



where Re� is the local Reynolds number which varies
with �.

From equations (5) and (6), the turbulent Reynolds
equation can be written as
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ð7Þ

If only the second term in the LHS of equation (4)
is kept, an approximation which is within the
acceptable range only for journal to length ratios
of L

D40:5, solving the resulting ODE will yield
the pressure in turbulent short bearings. It can
be easily shown that the resulting pressure can be
written as

Pshort ¼
kz�

h3
�
C"!

2
sin �ð Þ þ C _" cos �ð Þ þ C" _; sin �ð Þ

� �

�
z2

2
�
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8

� 	
ð8Þ

Identification of bearing dynamic
coefficients

Direct solution to equation (4) for laminar flow
will yield the corresponding laminar pressure field.
In order to obtain the journal bearing dynamic
coefficients, the force derivatives with respect to dis-
placement and velocity of the journal center are
to be obtained such that kij � � @Fi=@xj

� �
and cij �

�ð@Fi=@ _xjÞ. The coefficients can now be directly
calculated by first exerting some external finite per-
turbation at each steady-state point following
direct numerical differentiation.4,20,21 While finite
perturbation approach may be adequate for prac-
tical purposes, the inherent numerical inaccuracy
of the method can be eliminated by employing a per-
turbation solution known as the infinitesimal
perturbation approach.3 It is reported that provided
the perturbation amplitudes are kept less than 0.02C
(displacement) or 0.02!C (velocity) for normal
bearing eccentricities, the calculated dynamic coef-
ficients will be within 0.1% of the infinitesi-
mal approach.4 An infinitesimal perturbation
method is used in this work. Following refer-
ences,3,22 the lubricant thickness in steady state h0
is perturbed in R and T directions (as in Figure
1(a)) in the form

h ¼ h0 þ dh ¼ h0 þ dR cos � þ dT sin �

@h

@t
¼ d _R cos � þ d _T sin �

ð9Þ

This perturbation in film thickness will result to a
perturbation of the pressure film as

P ¼ P0 þ dP ¼ P0 þ
@P

@R
dRþ

@P

@T
dTþ

@P
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@P

@ _T
d _T

ð10Þ

Equations (9) and (10) are substituted back into
modified Reynolds Equation for turbulent flow (5)
and keeping only zeroth- and first-order terms will
omit the time-dependent terms and will yield five
steady pressure and pressure gradient equations
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A solution of the modified Reynolds differential
equation for steady pressure (equation (11)) has been
obtained numerically using finite volume method with
successive over-relaxation scheme (point Gauss–Seidel
with over relaxation parameter ! ¼ 1:4). A sample
mesh of 100� 30 �, zð Þ was selected to calculate the
pressure field for a low Reynolds number operating
point at eccentricity ratio of � ¼ 0:8. The calculated
pressure is non-dimensionalized and is shown along
with the mesh in Figure 2. The pressure boundary con-
dition is the commonly used Swift–Stieber boundary
condition for a fully cavitated journal bearing such
that P ¼ @P

@� ¼ 0 at � ¼ �cav for the cavity zone and
zero pressure at the journal edges P0 ¼ dP ¼
0 at Z ¼ � L

2.
21

The pressure distributions (non-dimensionalized)
of the finite length journal for laminar and both avail-
able turbulent models are calculated at the journal
mid-span and are compared to available analytical
solutions of a short bearing in Figure 3. The corres-
ponding pressure distributions are evaluated for two
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different cases at " ¼ 0:6. First, at a low Reynolds
number of Re ¼ 1000 (well into the laminar region)
as shown in Figure 3(a) and then for a relatively high
Reynolds number of Re ¼ 10000 (fully turbulent) as
shown in Figure 3(b). Results indicate that as the
Reynolds number increases, the predicted pressure
distributions of the modified Reynolds equation devi-
ates increasingly from the pressures as predicted
by classical Reynolds equation. The predicted pres-
sures of a turbulent bearing for both turbulent
models are sufficiently close at low Reynolds numbers
but pressure predictions of Ng-Pan method becomes
increasingly different from the pressure predictions
based on the Constantinescu model at higher
Reynolds numbers.

The obtained pressure field is then used as the basis
for calculation of the pressure field gradients accord-
ing to equations (12) to (15). Having all the pressure
gradients calculated in the R-T coordinate system, the
dynamic coefficients can be simply found by integrat-
ing the pressure gradients over the non-cavitated
flow region3 on the journal surface according to the

Swift–Stieber boundary condition
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� �
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Having the dynamic coefficients matrices k and c in
R–T coordinates, a simple coordinate transformation
with angle of rotation being the attitude angle ’ will
yield the bearing coefficients in x–y coordinate system

Q ¼
cos’ � sin ’

sin’ cos ’

� 	
, �K


 �
x�y
¼ �Q �K


 �
R�T

QT,

�C

 �

x�y
¼ �Q �C


 �
R�T

QT

ð17Þ

Figure 2. The selected mesh (a) and non-dimensional pressure distribution, �P, on the journal surface for a cavitated journal bearing (b).

 (rad)

Finite-Laminar
Finite-Turbulent (Cons.)
Finite-Turbulent (Ng-Pan)
Short-Laminar
Short-Turbulent (Cons.)
Short-Turbulent (Ng-Pan)

 (rad)

Finite-Laminar
Finite-Turbulent (Cons.)
Finite-Turbulent (Ng-Pan)
Short-Laminar
Short-Turbulent (Cons.)
Short-Turbulent (Ng-Pan)

(a) (b)

Figure 3. The comparison of numerically and analytically obtained pressure (non-dimensional) distributions at mid-span of a finite

length journal bearing with L
D
¼ 1

2
for laminar and turbulent flow at " ¼ 0:6 and Re¼ 1000: (a) and Re¼ 10000 (b).
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Based on sensitivity analysis of the maximum
pressure as a function of the number of divisions
in the circumferential (y) and axial (z) directions, it
is reported in the literature that the solution is
more sensitive to the circumferential mesh dens-
ity.7,23 A mesh density sensitivity analysis, similar
to Miraskari et al.,24 was carried out for four rep-
resentative mesh sizes of 30� 12 , 50� 20 ,
100� 30 and 150� 40 �, zð Þ. The maximum field
pressure as well as all stiffness and damping coeffi-
cients was selected as target variables (�) of interest
for mesh sensitivity analysis and are calculated at
an eccentricity ratio of � ¼ 0:8 for a finite length
journal bearing with L

D ¼ 1. Plots of stiffness and
damping coefficients vs. total number of elements
are shown in Figure 4.

The fine grid convergence index GCI21fine (an indica-
tor of mesh numerical uncertainty) as well as extrapo-
lated target variables and corresponding grid
error for a subset of selected mesh (30� 12, 50� 20
and 100� 30 ) was calculated based on Celik et al.25

The fine grid convergence calculations for dynamic
stiffness as target variables are tabulated in Table 2.
The fine grid (100� 30 �, zð Þ) convergence index

GCI21fine indicating numerical uncertainty in calculating
maximum target variable does not exceed 0.4% for
maximum field pressure and does not exceed
0.0012% for any of the calculated dynamic coefficients
and hence the final fluid model was selected with
100� 30 �, zð Þ divisions with a total of 3000 2D fluid
elements.

The calculated values for stiffness and damping of
a finite length journal bearing in laminar flow are
compared to the analytically available coefficients of
a short bearing for a length-to-diameter ratio L

D ¼ 1
when plotted against the Sommerfeld number and are
shown in Figure 5.

As can be seen from Figure 5, at high Sommerfeld
numbers (lower static load on shaft and hence
smaller eccentricity ratios), the numerically obtained
coefficients from direct solution to the Reynolds equa-
tions will become increasingly closer to the analytically
obtained short bearing values unlike the big deviations
in the low Sommerfeld region (high load and or higher
eccentricity ratios). This is of course expected because
of the higher pressure relief of the short bearing com-
pared to a finite length journal bearing especially at
high static loads.

0 1000 2000 3000 4000 5000 6000
159.46296

159.462965

159.46297
C

rr

0 1000 2000 3000 4000 5000 6000
-56.295532

-56.295531

-56.29553
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tr

0 1000 2000 3000 4000 5000 6000
-35.289785

-35.28978

-35.289775

C
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31.5788065

C
tt

0 1000 2000 3000 4000 5000 6000
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110.22
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0 1000 2000 3000 4000 5000 6000
-57.795

-57.79
K
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0 1000 2000 3000 4000 5000 6000
15.78
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15.79
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0 1000 2000 3000 4000 5000 6000
Number of elements
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K
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(a) (b)

Figure 4. Non-dimensional stiffness (a) and damping (b) coefficients as target variables for mesh sensitivity analysis.

Table 2. Sample calculations of discretization errors.

� ¼ Pmax � ¼ Krr � ¼ Ktr � ¼ Krt � ¼ Ktt

�1 (fine grid) 61.6153 110.1834 �57.7904 15.7893 17.6449

�2 61.4949 110.1880 �57.7910 15.7884 17.6447

�3 (coarse grid) 61.5675 110.2128 �57.7946 15.7837 17.6437

�21
ext 61.7984 110.1823 �57.7902 15.7895 17.6449

%e21
a 0.1953 4.24E-03 1.15E-03 5.55E-03 8.29E-04

%e21
ext 0.2963 9.83E-04 2.59E-04 1.26E-03 1.42E-04

%GCI21
fine 0.3715 1.23E-03 3.24E-04 1.57E-03 1.78E-04
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Mathematical model of the rotor-bearing
system

In an ideal and fully balanced rotor-bearing system,
the shaft spins at its designed operating speed
while the induced pressures inside end journals can
support the weight of the shaft and hence there exists
an equilibrium point where the journal center finds and
stays there during the operation. This point is referred
to as the static equilibrium position. If the rotor bear-
ing system is undisturbed, the rotor will remain in
its equilibrium position. For small disturbances, for
instance small unbalance force, the shaft will no
longer stay at the static equilibrium point and orbits
via a closed elliptic curve around its equilibrium point.
These are the harmonic solutions to a stable dynamic
system operating in its stable region. If the operating
speed of the shaft exceeds the so-called threshold speed
of instability !th, no stable harmonic solution exists
and the journal orbit will spiral outward towards an
either bounded stable limit cycle (with orbits generally
much greater than the stable closed harmonic orbits) or
towards the point where metal to metal contact occurs.
This change of the dynamical behavior of the system is
called a bifurcation and is known in rotor dynamics
terminology as the oil whirl–whip phenomenon.
It should be noted that oil whirl and rotor whirling
will happen for both fully balanced and unbalanced
rotor with the exception that the threshold speed of a
balanced system is higher than the threshold speed of
an unbalanced system.

The transition (bifurcation) to high amplitude
vibration, whether to a stable limit cycle or towards
the bearing clearance, can be either gradual

(supercritical bifurcation) or sudden (subcritical bifur-
cation). Bifurcation towards the limit cycle is gener-
ally considered as an unstable operating condition
while it is not necessarily unstable. The reason for
this is that the majority of the stability analysis avail-
able in the literature are based on linear analysis,
and from the viewpoint of linear analysis there is no
difference between unstable and stable limit cycles
(they are both considered as unstable). Even though
the bifurcation type cannot be evaluated via linear
analysis, the stability margin can indeed be identified
by simple linear analysis. This is because the local
stability of nonlinear and linearized systems is essen-
tially the same. Linearized analysis will be used here
to identify the stability margins of the system. To do
this, one needs to find the threshold speed of instabil-
ity for a given rotor-bearing system at any applied
static load to the shaft. If the operating speed of the
rotor is kept below this threshold speed, the system
remains in its stable region and hence the operation is
considered as safe. The analysis here follows from
literature.21,26

Referring to Figure 6, to analyze a flexible, center-
loaded, and perfectly balanced rotor symmetrically
supported by two identical fluid-film journal bearings,
the following assumptions are made:

. Deflection of the flexible shaft is small to allow the
use of linear beam theory.

. The mass of the shaft and rotor torque of the mid-
point mass are negligible.

. The rotor mass is lumped at the midpoint.

. Axial and torsional vibrations of the lumped mass
are negligible.

(a) (b)

(c) (d)

Figure 5. The comparison of numerically calculated laminar dynamic coefficients of a finite length journal bearing L
D
¼ 1

2

� �
with

analytical short bearing results. Direct stiffness (a), cross-coupled stiffness (b), direct damping (c), and cross-coupled damping (d).

Miraskari et al. 7



. Gyroscopic effect of the shaft, disk and journal
bearings are negligible.

The equations of motion for the central disk and
journal bearings may be written as follows

CentralDisk :
M €x2þKs x2 � x1ð Þ ¼ 0

M €y2þKs y2 � y1ð Þ ¼ 0

�
,

Journal Bearings :
�2dFx þ Ks x2 � x1ð Þ ¼ 0

�2dFy þ Ks y2 � y1ð Þ ¼ 0

�
ð18Þ

where Ks is the shaft stiffness, and dFx and dFy are
the components of the force due to induced bearing
pressure in excess of the equilibrium forces and are
calculated based on equation (2).

Assuming harmonic motion of the central disc and
journals with frequency � ¼ Re �ð Þ þ i Imð�Þ

x1

x2

� 	
¼

X1

X2

� 	
e�t,

y1

y2

� 	
¼

Y1

Y2

� 	
e�t ð19Þ

By substituting equation (19) into equation (18),
the following expression may be obtained

�KsM�
2

Ks þM�2

þ2Kxx þ 2�Cxx

8<
:

9=
; 2Kxy þ 2�Cxy

2Kyx þ 2�Cyx

�KsM�
2

Ks þM�2

þ2Kyy þ 2�Cyy

8<
:

9=
;

2
66666664

3
77777775

�
X1

X2

� 	
¼

0

0

� 	
ð20Þ

Non-dimensionalizing according to Szeri21 for

shaft and bearing stiffness and bearing damping and

also having
�X1
�X2

� 	
¼ 1

C

X1

X2

� 	
, ! ¼ �!

ffiffiffiffiffiffiffiffiffiffiffiffi
Ks=M
p

,

� ¼ ! ��, � ¼ �
�Ks ��2 �!2

1þ ��2 �!2 , the non-dimensional from of
equation (20) is

�þ 2 �Kxx þ 2 �� �Cxx 2 �Kxy þ 2 �� �Cxy

2 �Kyx þ 2 �� �Cyx �þ 2 �Kyy þ 2 �� �Cyy

" #
�X1

�X2

 !
¼

0

0

� 	

ð21Þ

The condition of non-trivial (non-zero) solution
requires that the determinant of the characteristic
matrix needs to be set to zero. By setting the imagin-
ary part of the determinant of equation (21) to zero

� ¼
2 �Kxy

�Cyx þ �Kyx
�Cxy � �Kyy

�Cxx � �Kxx
�Cyy

� �
�Cxx þ �Cyy

ð22Þ

By setting the real part of the determinant of equa-
tion (21) to zero

��2 ¼
�2 þ 2 �Kxx þ �Kyy

� �
�þ 4 �Kxx

�Kyy � �Kxy
�Kyx

� �
4 �Cxy

�Cyx � �Cxx
�Cyy

� �
ð23Þ

In the state of neutral stability, �� is purely imagin-

ary and �whirl
! ¼

ffiffiffiffiffiffiffiffi
� ��2
p

. Having �Ks ¼
C

L D � N R
Cð Þ

2 Ks ¼

1
S
C Ks

W and using the definition of �, the instability

threshold value can be found as

�!2
th ¼

�

��2 �Ks � �
� � ð24Þ

Results and discussions

Laminar and turbulent dynamic coefficients

The finite length journal bearing pressure and pressure
gradients in turbulent flow can be calculated by solving
the steady and perturbed modified Reynolds equation,
equations (11) to (15). The Coefficients in R-T coord-
inate system are then calculated by integrating the

Figure 6. Schematic of a flexible rotor supported on journal bearings. OJ and OM correspond to the geometric center of the journal

and the central disc, respectively.
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pressure gradients as in equation (16). A coordinate
transformation as in equation (17) from R–T to X–Y
is then necessary to find the coefficients in the X–Y
coordinate system which is suitable for stability ana-
lysis. This is done for a range of Reynolds numbers
(10,000, 20,000 and 30,000) and for both the
Constantinescu and Ng–Pan–Elrod turbulent models
and is compared to the calculated coefficients in the
laminar region against the Sommerfeld number in
Figure 7.

Similar treatment was carried out to calculate the
damping coefficients of turbulent journal bearings.
The calculated bearing damping coefficients in turbu-
lent flow are compared to the previously calculated
coefficients in the laminar region and are plotted
against the corresponding Sommerfeld number in
Figure 8.

By substituting the laminar and turbulent coeffi-
cients obtained based on the two different turbulent
models (as was shown in Figures 7 and 8) into equa-
tions (22) to (24), one can obtain the stability margins
of a flexible shaft supported by laminar and turbulent
finite length journal bearings.

Identification of threshold speed of instability

The non-dimensional threshold speed of instability
�!th is calculated to find the corresponding stability

parameter � ¼ C Ks

W
�!2
th, for laminar and turbulent

bearings at a range of Reynolds numbers. The stabil-
ity parameter � is plotted against the Sommerfeld
number for different non-dimensional shaft stiffness
parameter values as shown in Figure 9.

The expansion of stable region is observed for
turbulent bearing supported shafts as shown in
Figure 9. By comparing the stability of turbulent
bearings to the laminar bearings and holding
the non-dimensional shaft stiffness constant as in
Figure 9(a) to (d), it is clear that the turbulent
curves are shifted to the left of the laminar curve,
indicating that the unstable region has grown in
size. The added unstable region due to turbulent bear-
ings is in the low Sommerfeld S40:05 (high loading)
region. This suggests that as the static loading
increases on the shaft, the turbulent bearings are pro-
gressively less stable compared to the bearing which is
operating in the laminar region of oil film flow. At
high Sommerfeld region S50:2 (low load), the stabil-
ity curves of laminar and turbulent bearings are very
much alike. This destabilizing effect of turbulent bear-
ings increases by the Reynolds number. At each
Reynolds and at each non-dimensional shaft stiffness,
the stability curves of the Constantinescu’s turbulent
model are positioned above the curves obtained based
on the Ng–Pan–Elrod turbulent model suggesting
that the Ng–Pan–Elrod turbulent treatment is more

10-3 10-2 10-1 100 101

S

10-2

100

102

104

10(a) (b)

(c) (d)

6
Laminar
Re = 10000 (Ng - Pan)
Re = 10000 (Constantinescu)
Re = 30000 (Ng - Pan)
Re = 30000 (Constantinescu)
Re = 50000 (Ng - Pan)
Re = 50000 (Constantinescu)

10-3 10-2 10-1 100 101

S

10-2

100

102

104

Laminar
Re = 10000 (Ng.)
Re = 10000 (Cons.)
Re = 30000 (Ng.)
Re = 30000 (Cons.)
Re = 50000 (Ng.)
Re = 50000 (Cons.)

10-3 10-2 10-1 100 101

S

100

101

102

103

104

105

Laminar
Re = 10000 (Ng.)
Re = 10000 (Cons.)
Re = 30000 (Ng.)
Re = 30000 (Cons.)
Re = 50000 (Ng.)
Re = 50000 (Cons.)

10-3 10-2 10-1 100 101

S

10-1

100

101

102

103

104

Laminar
Re = 10000 (Ng.)
Re = 10000 (Cons.)
Re = 30000 (Ng.)
Re = 30000 (Cons.)
Re = 50000 (Ng.)
Re = 50000 (Cons.)

Figure 7. Comparison of the stiffness coefficients of a fully turbulent finite length journal bearing with the laminar (Reynolds

independent) stiffness coefficients: �Kxx (a), �Kyx (b), �Kxy (c), and �Kyy (d).
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(c) (d)
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Laminar
Re = 10000 (Ng - Pan)
Re = 10000 (Constantinescu)
Re = 30000 (Ng - Pan)
Re = 30000 (Constantinescu)
Re = 50000 (Ng - Pan)
Re = 50000 (Constantinescu)
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Re = 30000 (Ng.)
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Re = 50000 (Ng.)
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S
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Re = 50000 (Cons.)
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S
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104
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Re = 10000 (Ng.)
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Re = 30000 (Ng.)
Re = 30000 (Cons.)
Re = 50000 (Ng.)
Re = 50000 (Cons.)

Figure 8. Comparison of the damping coefficients of a fully turbulent finite length journal bearing with the laminar (Reynolds

independent) damping coefficients: �Cxx (a), �Cyx (b), �Cxy (c), and �Cyy (d).
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1
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Re = 10000 (Ng - Pan)
Re = 10000 (Constantinescu)
Re = 30000 (Ng - Pan)
Re = 30000 (Constantinescu)
Re = 50000 (Ng - Pan)
Re = 50000 (Constantinescu)

10-3 10-2 10-1 100 101

S

100

101

102
Laminar
Re = 10000 (Ng.)
Re = 10000 (Cons.)
Re = 30000 (Ng.)
Re = 30000 (Cons.)
Re = 50000 (Ng.)
Re = 50000 (Cons.)

10-3 10-2 10-1 100 101

S

101

102

Laminar
Re = 10000 (Ng.)
Re = 10000 (Cons.)
Re = 30000 (Ng.)
Re = 30000 (Cons.)
Re = 50000 (Ng.)
Re = 50000 (Cons.)
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101

102

Laminar
Re = 10000 (Ng.)
Re = 10000 (Cons.)
Re = 30000 (Ng.)
Re = 30000 (Cons.)
Re = 50000 (Ng.)
Re = 50000 (Cons.)

Figure 9. Linear stability curves of a flexible shaft supported on laminar and turbulent finite length journal bearings at ends against

the Sommerfeld number for a range of non-dimensional shaft stiffness C Ks

W
¼ 0:1 (a), C Ks

W
¼ 1 (b), C Ks

W
¼ 10 (c), and C Ks

W
¼ 100 (d).
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conservative when used as basis for design of the
rotor-bearing system.

Rotor-bearing system trajectories

To illustrate the expansion of the unstable operating
region and shortcoming of the laminar theory in pre-
dicting the stable regions of the rotor-bearing system,
the journal trajectories at different operating points
should be calculated. To do this, the set of governing
equations of motion for the journal and the shaft are
to be numerically calculated to obtain the trajectory
of the journal center. This is done first by transform-
ing the linear ODE system of equation (18) into state–
space representation of the form _X ¼ f X, tð Þ as follows

_X1 ¼

CxyðKsX2 � Ks X4 þ 2 Kyx X1 þ 2 KyyX2Þ

�CyyðKsX1 � KsX3 þ 2 KxxX1 þ 2 Kxy X2Þ

� �
2CxxCyy � 2CxyCyx

_X2 ¼

CyxðKsX1 � KsX3 þ 2 KxxX1 þ 2 KxyX2Þ

�CxxðKsX2 � KsX4 þ 2 KyxX1 þ 2 KyyX2Þ

� �
2CxxCyy � 2CxyCyx

_X3 ¼ X5

_X4 ¼ X6

_X5 ¼
�Ks X3 � X1ð Þ

M

_X6 ¼
�Ks X4 � X2ð Þ

M

ð25Þ

where ðX1, X2Þ and X3, X4ð Þ are ðx, yÞ position
coordinates of the journal center and the mass disk
center respectively. The journal bearing coefficients in
equation (18) are time varying functions of the journal
center ðX1, X2Þ. It shall be noted that trajectories can
be solely obtained based on the linearized coefficients
provided that the journal position remains close to its
steady-state position. The system of equation (25) can
be used as basis for calculation of the journal trajec-
tories for much more complicated systems provided

that the dynamic coefficients are available (either pre-
viously calculated or experimentally obtained).

The system of coupled linear ODEs of equation
(25) is integrated numerically by an implicit scheme
to obtain the trajectories of the journal and the disk
center. When the journal force is expressed in terms of
dynamic coefficients, the Jacobian of the linear ODE
system can be easily calculated and hence can be used
effectively in an implicit time integration scheme.
A first-order Implicit Euler method is adopted here

_X ¼
Xnþ1 � Xn

	t
¼
	X

	t
¼ f nþ1 X, tð Þ ð26Þ

where superscripts n and nþ1 represent a variable
value at the current and the next time-step, respect-
ively. The next step is to express the right hand side of
equation (26), f nþ1 X, tð Þ, in terms of the functions of
the variable and its gradients at the current time-step
through a Taylor series expansion

f nþ1 X, tð Þ ¼ f X nþ1
� �

¼ f X n þ 	Xð Þ ¼ f X nð Þ

þ
@f

@X

n	XþH:O:T
ð27Þ

where @f
@X

n is the Jacobian matrix of the linear ODE
system evaluated at the current time-step and takes
the following form

Having the Jacobian matrix of the system, we can
write the system of coupled linear ODEs as

_X ¼
	X

	t
ffi f Xnð Þ þ J Xð Þ	X ð29Þ

The change in solution 	X can now be found via
solving a linear system such that

I

	t
� J Xð Þ

� 	
	X ¼ f Xnð Þ ð30Þ

J Xð Þ ¼
@f

@X

¼

CyyKs þ 2CyyKxx � 2Cxy Kyx

2CxyCyx � 2CxxCyy

2Cyy Kxy � CxyðKs þ 2KyyÞ

2CxyCyx � 2CxxCyy

CyyKs

2CxxCyy � 2CxyCyx

CxyKs

2CxyCyx � 2CxxCyy
0 0

CyxðKs þ 2KxxÞ � 2Cxx Kyx

2CxxCyy � 2CxyCyx

CxxKs � 2Cyx Kxy þ 2CxxKyy

2CxyCyx � 2CxxCyy

CyxKs

2CxyCyx � 2CxxCyy

CxxKs

2CxxCyy � 2CxyCyx
0 0

0 0 0 0 1 0

0 0 0 0 0 1
Ks

M
0 �

Ks

M
0 0 0

0
Ks

M
0 �

Ks

M
0 0

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA
ð28Þ
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where I, 	X and f Xnð Þ are N� 1 matrices and J Xð Þ is
a N�N matrix for a coupled system of N ordinary
differential equations of first order. A direct solve
of the linear system of equation (30) by Gaussian
elimination will yield the change in solution 	X from
time-step n to nþ1. The calculated change in solution
can then be used as basis of first-order or second-
order accurate implicit time integration schemes.
The major benefit of implicit schemes is that their

stability has minor to negligible sensitivity to chosen
time steps and are therefore ideal for studying the
dynamics of stiff dynamical systems as in the case of
journal bearing supported shafts. As was explained
above, a key step in implicit calculations is finding
the Jacobian matrix at each time step which is inher-
ently efficient if the Jacobian matrix can be found
explicitly as in equation (28).

Non-dimensional journal trajectories in laminar
and turbulent conditions, plot of �Xjournal vs
�Yjournal

�X ¼ X
C

� �
, at three different operating points

were calculated by means of the detailed implicit
time integration method of equations (25) to (30).
The turbulent journal trajectory was based on the
Ng–Pan–Elrod model at Re ¼ 10000. The selected
operating points (marked with bullets) and calculated
trajectories are shown in Figure 10.

For all the cases shown in Figure 10, the journal
center is released from a point very close to its steady-
state point (within the radius of 0.1% of the journal
clearance around the steady state point; marked with
a hollow bullet) and its trajectory is followed in time.
The first operating point is selected such that it lies in
the stable region of both laminar and turbulent curves
at S ¼ 0:01, � ¼ 5. Similar results were obtained
where journal finds its steady-state point, marked
with a filled bullet, and remains there as shown in
Figure 10(b) and (e). The next operating point
S ¼ 0:03, � ¼ 5 lies between the laminar and turbulent
curves. As expected, the laminar-based trajectories,
Figure 10(c), can still find the steady-state point while
the turbulent-based trajectories, Figure 10(f), start to
grow and hence becomes unstable. This again indicates
that stable regions obtained based on the laminar
theory can become unstable at higher Reynolds num-
bers. Both laminar and turbulent trajectories grow in
the third selected operating point of S ¼ 0:1, � ¼ 5
though with different speeds, Figure 10(d) and (g).

Conclusions and remarks

The stability bounds of a rotor-bearing system sup-
ported on turbulent journal bearings were presented
in this study. Journal bearing coefficients are calcu-
lated based on the Reynolds equation that is modified
for turbulent flows. Two turbulent models are used
for stability analysis and the corresponding stability
boundaries are compared. The predicted threshold
speed of instability based on the Constantinescu’s
model was found to be higher than the threshold
speeds predicted by the Ng–Pan–Elrod turbulent
model and hence the latter model proves to be more
conservative in design.

The stable region of flexible shafts supported on
both turbulent and laminar journal bearings was
shown to grow in size by increasing the shafts’ non-
dimensional parameter. It was found that at low load
and high Sommerfeld region S50:2, the stability
would not be affected by the type of flow within the

(a)

(b) (c)

(d) (e)

(f)
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-5 0 5

10-3

-5
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-5

0

5
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Figure 10. Journal bearing trajectory at three operating

points (stars in (a)) under laminar (b, c and d) and turbulent

(e, f and g) regimes of flow. (b) S ¼ 0:01 , � ¼ 5, (c)

S ¼ 0:03 , � ¼ 5, (d) S ¼ 0:1 , � ¼ 5, (e) S ¼ 0:01 , � ¼ 5,

(f) S ¼ 0:03 , � ¼ 5, (g) S ¼ 0:1 , � ¼ 5.
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bearing chamber and hence laminar analysis that is
based on non-modified Reynolds equation is sufficient
at these operating ranges. On the other hand, as the
loading increases, the unstable operating region grows
in size and will result in the unstable oil whirl to happen
at even higher static loads, a region where the laminar-
based stability analysis would be considered as a safe
operating condition. Hence, modified stability analysis
for turbulent flows needs to be implemented whenever
the system is operating under high static load.

A numerical integration framework is presented
in order to find the journal trajectories in the rotor-
bearing system for laminar and turbulent flows.
Results showed that the journal starts whirling at
high Reynolds numbers in regions where the laminar
stability criterion is considered as a ‘‘safe zone’’. This
suggests that turbulent modifications are necessary for
proper predictions of the system dynamics at high
Reynolds numbers.
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Appendix

Notation

C radial clearance (m)
Cij, �Cij damping coefficients in Cartesian

coordinates i, j ¼ x, y and in (R-T)
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coordinates i, j ¼ R, T where

�Cij ¼
C !

L D � N R
Cð Þ

2 Cij�C

 �

x�y
,

�C

 �

R�T

non-dimensional damping matrix in

x-y and R-T coordinate systems

e eccentricity, m
%e21a , %e21ext fine grid approximate and extrapo-

lated relative errors in numerical
calculation of the field variable

Fx, Fy,
FR, FT

total bearing reaction forces in
x, y, R, T directions, N

fx, fy bearing dynamic reaction force in
excess of bearing steady state force in
x and y directions, N

f X, tð Þ right hand side of the state space
equations of motion

GCI21fine the fine grid convergence index
h oil film thickness,

h ¼ Cð1þ �cosð�ÞÞ, m
J Xð Þ Jacobian matrix of the coupled

system of ODEs of the dynamical
system

Kij, �Kij stiffness coefficients in Cartesian
coordinates i, j ¼ x, y and in (R-T)
coordinates i, j ¼ R, T where
�Kij ¼

C

L D � N R
Cð Þ

2 Kij

Ks, �Ks shaft stiffness where �Ks ¼
C

L D � N R
Cð Þ

2 Ks ¼
1
S
C Ks

W

k�, kz circumferential and longitudinal
turbulent coefficients

L journal bearing Length
M reduced mass of the rotor
� stability parameter: � ¼ C Ks

W
�!2
th

N rotating speed, rev
sec

OJ, OM geometric center of the journal and
the central disc

P, �P unsteady pressure: P ¼ P

� N R
Cð Þ

2

P0, PR, PT,
P _R, P _T

steady pressure and its gradients in
R-T coordinates

Q rotation matrix
R journal radius, m

Re average Reynolds number:

Re ¼ 
 R ! C
�

Re� local Reynolds number: Re� ¼ 
 R ! h
�

S Sommerfeld number:
S ¼ L D � N

W
R
C

� �2
t time (s)
W load per bearing (Mg

2 )
x, y, R, T Cartesian and rotated coordinate

systems. The R coordinate is aligned
with the line of centers.

_x, _y, _R, _T velocity components in Cartesian
and rotated coordinate systems

Xi state–space variables of the dynami-
cal system. i ¼ 1, 2, . . . , 6

Xn, Xnþ1 state–space vector at time-step n and
nþ1

	X change in solution of the dynamical
system from two consecutive time-
steps�Xjournal,

�Yjournal
dimensionless journal center displa-
cement in horizontal and vertical
directions

� stability parameter: � ¼ C Ks

W
�!2
th,

� eccentricity ratio � ¼ e
C

� circumferential coordinate
�cav the cavitation boundary
� fluid film (lubricant) viscosity (Pa.s)
�, �� whirl frequency � ¼ ! ��

 fluid film density (kg=m3)
’ attitude angle
�21

ext extrapolated field variable in fine
grid

�1,�2, �3 numerical estimate of the field vari-
able in fine, medium and coarse
mesh

! shaft rotating speed (rad/s)
�! dimensionless shaft rotating speed

(!
ffiffiffiffiffiffiffiffiffiffiffiffi
M=Ks

p
)

�!th dimensionless threshold speed of
instability
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