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A Robust Modification to the
Universal Cavitation Algorithm
in Journal Bearings
In the current study, a modified fast converging, mass-conserving, and robust algorithm
is proposed for calculation of the pressure distribution of a cavitated axially grooved
journal bearing based on the finite volume discretization of the Adams/Elrod cavitation
model. The solution of cavitation problem is shown to strongly depend on the specific val-
ues chosen for the lubricant bulk modulus. It is shown how the new proposed scheme is
capable of handling the stiff discrete numerical system for any chosen value of the lubri-
cant bulk modulus (b) and hence a significant improvement in the robustness is achieved
compared to traditionally implemented schemes in the literature. Enhanced robustness is
shown not to affect the accuracy of the obtained results, and the convergence speed is
also shown to be considerably faster than the widely used techniques in the literature.
Effects of bulk modulus, static load, and mesh size are studied on numerical stability of
the system by means of eigenvalue analysis of the coefficient matrix of the discrete numer-
ical system. It is shown that the impact of static load and mesh size is negligible on
numerical stability compared to dominant significance of varying bulk modulus values.
Common softening techniques of artificial bulk modulus reduction is found to be tolerable
with maximum two order of magnitudes reduction of b to avoid large errors of more than
3–40% in calculated results. [DOI: 10.1115/1.4034244]
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1 Introduction

First successful mathematical model ever proposed for the
lubrication problem was by Osborne Reynolds in 1886. Even
Reynolds himself was doubtful that the fluid film can sustain sub-
atmospheric pressures and hence he limited his analysis to lower
eccentricities. The remarkable analytical solution to the Reynolds
equation by Sommerfeld in 1904 predicted a negative antisym-
metric pressure (tensile stress) in the divergent region of the bear-
ing with magnitudes as large as the positive pressure one. Liquids
in pure form or with small amount of dissolved gaseous content
were reported to withstand tensile stresses of even up to hundreds
of atmospheres [1]. However, in tribological environments with
extreme shearing of the lubricant and high rates of heat generation
and dissipation, a film rupture is expected when the fluid pressure
drops below the saturation pressure of the dissolved gases (gase-
ous cavitation) or below the vapor pressure (vapor cavitation or
boiling) [2]. The onset and extent of liquid cavitation in fluid film
bearings is equally important in determining the load capacity of a
fluid film bearing as well as largely influencing the rotor-dynamic
stability of a rotor-bearing system and its maximum whirl

amplitude of vibration [3]. Furthermore, vapor cavitation collapse
(implosion) can cause severe surface material damage.

Regardless of the nature of the bubbles that form during cavita-
tion, being caused by the environment or coming from the lubri-
cant film itself, they induce a rupture in the continuous lubricant
film. This happens in the diverging part of the lubricant film where
the original Reynolds theory predicts negative pressures. Although
the existence of the cavitated region is well understood, the exact
position of the rupture interface and the applied boundary condi-
tions at the interface are subjects of considerable discussion.

The first attempt in accounting for the film rupture was by
Gumbel in 1914 by assuming the boundary of rupture originating
in the immediate vicinity of the film minimum thickness and
neglecting the subambient pressure loop completely when calcu-
lating bearing performance. His work falls short mainly in not
respecting the mass continuity at the interface and not accounting
for the film reformation. Although the pressure predictions based
on the Gumbel condition is at variance with experimental data, it
does give closed-form solution for bearing performance and is still
employed in theoretical work [4]. The next major work came
from Swift and Stieber in 1932 where they assumed a zero pres-
sure gradient at the start of the cavitation zone. The algorithm pro-
posed by Christopherson [5] in 1941 is based on the Swift–Stieber
model and has been widely used in numerical analysis due to its
ease of implementation. The main disadvantage of the
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Christopherson algorithm is that it is not mass-conserving and it is
not capable of presenting the subcavity pressures that occur just
upstream from the cavitation boundary. Nonmass-conserving
schemes are shown to predict incomplete identification of the film
rupture and incorrect detection of the film reformation. Analysis
of dynamic journal bearings and bearings with textured surfaces
showed that ensuring the mass continuity is necessary for correct
prediction of the film rupture and reformation [6,7].

Majority of the existing mass-conserving algorithms are based
on the notable work of Jakobsson and Floberg [8] and Olsson [9],
together known as JFO cavitation model, which assumes a con-
stant pressure everywhere in the cavitation region (P ¼ Pcav) and
hence taking the pressure gradient to be zero in the cavitated
region. Their model also provides boundary conditions that con-
serve the mass at the interface between the full film (noncavitated)
and the cavitation zones at rupture and reformation boundaries.
The JFO model semi-accurately [10] predicts the onset and shape
of the cavitation region in bearings that operate at moderate to
high journal eccentricities (i.e., moderate to large static loads).
The main disadvantage of the JFO model is the difficulty of
implementation in computer codes due to complexity of numeri-
cal treatment of the nonlinear boundary conditions. Elrod and
Adams [11,12] developed a finite difference algorithm based on
the JFO theory but in a very simple manner. They introduced a
change of variable that is related to the film pressure through the
bulk modulus of the lubricant and rewrote the governing equations
(in terms of the new variable) assuming constant bulk modulus
throughout the lubricant film. They also combined two governing
equations into a single equation throughout the lubrication region
by proper use of a switch function to suppress the pressure driven
terms in the cavitated region. Their ingenious approach was very
successful for cavitated journal bearing performance predictions
and is usually referred to as the universal cavitation algorithm.
The cavitation algorithm was then mainly solved by means of
Gauss–Seidel based relaxation methods [7,13] or alternate direc-
tion implicit (ADI) [3,14].

Vijayaraghavan and Keith [15] addressed a change of type of
the partial differential equation (PDE) at the cavitation boundary
and designed an algorithm that takes this change into considera-
tion to further refine the computational efficiency. As relaxation
and ADI methods require large computing times to convergence,
different algorithms were proposed to enhance the convergence
speed of the Elrod algorithm. Vijayaraghavan and Keith [15] pro-
posed the use of approximate factorization (AF) technique. Woods
and Brewe [16] and Qiu and Khonsari [17] advocated the use of
multigrid techniques to accelerate the convergence speed.

The implementation of the universal cavitation algorithm is
generally troubling in a computer code mainly due to dependency
of the numerical efficiency on the chosen values for the lubricant
bulk modulus (b). Choosing b values close to its physical value of
approximately 2 GPa can render the system of equations too stiff
for obtaining accurate solutions and it can also affect the conver-
gence speed drastically. This difficulty was addressed by choosing
artificially low values for b [11,15], claiming that this particular
choice does not affect the final results [18]. Many subsequent
studies showed that the choice of b indeed affect the performance
predictions of the journal bearings [19–22].

Sahlin et al. [22] reported that treating the bulk modulus as a
constant in the whole domain can produce accurate results only
for a narrow pressure range. They introduced an algorithm mainly
based on the Elrod algorithm but with an arbitrary choice for
pressure-density to account for bulk modulus variations with pres-
sure and noted the importance of the bulk modulus on the final
calculations. Bayada and Chupin [20] and Bayada [23] proposed
an algorithm similar to Elrod–Adams by directly solving the con-
stitutive equations of the lubricant with detailed descriptions of
the mixture characteristics in the cavitated region. They proposed
a smooth pressure-density relation similar to Sahlin et al. [22]
together with models for viscosity variations with density. Their
unified treatment of the cavitated and full film regions eliminate

the need for up-winding differencing in cavitation region and it
naturally allows for subcavitation pressures in the cavitation
region which is in-line with experimental predictions of pressures
as low as 0.07 MPa upstream of the rupture interface [24]. Also,
they showed how the choice of the lubricant bulk modulus can
change the pressure distribution and the cavitation boundary;
however, there was no reference on how this choice can affect the
performance of the numerical scheme itself.

As an alternative approach to the universal cavitation algo-
rithm, Giacopini et al. [25] proposed a mass-conserving linear
complementarity formulation for the one-dimensional (1D) cavi-
tation problem. The major advantage of their complementarity
formulation is that it alleviates the problems associated with the
need to change the scheme differencing method as a result of a
change in the PDE type at the cavitation boundary. Bertocchi
et al. [21] extended the original 1D linear complementarity prob-
lem (LCP) formulation of Giacopini et al. [25] to include the
effects of fluid compressibility (pressure-density relationship),
piezoviscosity (variation of viscosity with pressure), and non-
Newtonian fluid behavior (shear rate dependence of lubricant vis-
cosity) for 1D and two-dimensional (2D) cavitation problems.
Almqvist et al. [19] proposed a model starting from the expression
of the mass flow that leads directly to the linear complementarity
problem (LCP). The linearity is guaranteed by treating b as a con-
stant. They reported on the influence of chosen bulk modulus val-
ues (100 MPa up to 10 GPa) on fluid film pressure and suggested
that the load carrying capacity of the bearing increases as the com-
pressibility of the fluid decreases. The LCP based algorithms do
offer benefits compared to the Switch function approaches; how-
ever, a complete performance analysis of these algorithms is miss-
ing in the literature, and hence, their computational efficiency is
unclear and undocumented.

In this paper, the long lasting problem with robustness of the
universal cavitation algorithm is addressed. Based on the finite
volume discretization of the governing equations of motion, an
alternative solution scheme is proposed as an attempt to accelerate
the convergence speed of mass-conserved Elrod–Adams algo-
rithm and eliminate the scheme dependency on chosen values of
the lubricant bulk modulus. The resulting scheme shows very
promising boost in robustness and convergence speed. The cost of
artificially decreasing the bulk modulus on computed results is
discussed and recommendations are given on the safe margin for
such reduction to stabilize the scheme while maintaining the
desired accuracy. The dependence of the scheme stability on vari-
ous input parameters is systematically studied by means of a thor-
ough eigenvalue analysis of the coefficient matrix of the
discretized system of equations.

2 Mathematical Model for Mass Conserving

Cavitation Problem

The Elrod Adams (E.A.) algorithm [11] with Vijayaraghavan
and Keith [26] treatment is studied here as the underlying mathe-
matical model. The standard J.F.O/E.A. treatment is based on
acknowledging the fact that Poiseuille (pressure gradient) terms in
the compressible Reynolds equation vanish in the cavitated region
where the mass flow is only governed by the Couette (advective)
terms. This distinction between the two regions of the flow will
then lead to a mathematical model with two governing equations
for full film and cavitated regions as [4]

@ qhð Þ
@t
þ @

@x

qhU

2
� qh3

12l
@p

@x

 !
� @

@z

qh3

12l
@p

@z

 !
¼ 0

@ qhð Þ
@t
þ @

@x

qhl
2

� �
¼ 0

(1)

where q is the fluid density, h is the film thickness, U ¼ Rx is the
journal surface velocity, p is the fluid film pressure, and l is the
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lubricant viscosity. Several pressure-density relations are pro-
posed in the literature to relate the change of lubricant density to
the lubricant pressure. In general, the validity of such relations is
a function of induced pressures in the lubricant [27]. The
pressure-density relation can be expressed in its most general
form [21]

q ¼ qcf ðpÞ (2)

The most widely adopted compressibility relation in lubrication
applications is based on constant bulk modulus (b) of the
lubricant

q ¼ qc exp
p� pc

b

� �
(3)

where pc and qc are the pressure and density in the cavitated
region. A generalization of Eq. (3) in the form of Eq. (2) can be
easily adopted [19] in rewriting the compressible Reynolds equa-
tion but is omitted here for simplicity and the constant bulk modu-
lus model is therefore used for the analysis in the present paper.

The J.F.O/E.A. mathematical model is mass converging and
can also be derived directly from the continuity equation [19]
assuming a homogeneous three-dimensional flow [23]. The major
difficulty here is that although the governing equations for each
region of the flow are simply stated, identifying the cavitation
boundary separating the two regions can be troubling. The pio-
neering work of Elrod and Adams [11] suggested the use of a
switch function, g, as well as a change of variable in an effort to
unify the two governing equations into one equation

g ¼
1; in full film region

0; in cavitated region

(

a ¼ q
qc

(4)

where a is the density ratio. The switch function permits pressure
terms to be retained in full film region or to be neglected in cavita-
tion region. Equation (3) can be rewritten such that

p ¼ pc þ gb lnðaÞ (5)

The pressure is approximately uniform in the cavitated region and
is equal to pc. Since the typical lubricant bulk modulus b is a large
number (ffi 2 GPa), the density ratio (a) is only slightly greater
than unity in the full film region, and hence, Eq. (5) can be
approximately expressed in a simpler form [14]

p ¼ pc þ gb ða� 1Þ (6)

Hence, the modified compressible Reynolds equation for the new
variable a becomes [4]

@ ahð Þ
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þ @
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12l
g
@a
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@z

 !
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The solution to Eq. (7) will yield the density ratio, a. The induced
pressure then is easily found through Eq. (6). In order to solve
Eq. (7), a finite volume discretization is employed here.

3 Numerical Treatment of Cavitation Based on a

Finite Volume Method (FVM)

3.1 Discretization. Nondimensionalizing the governing PDE
of Eq. (7) is preferred for versatility of the numerical analysis and
faster convergence. The nondimensionalized variables are as
follows:

�x ¼ x

2pR
; �z ¼ z

L
; H ¼ h

C
; �b ¼ b

lx
C

R

� �2

; �t ¼ xt (8)

where R, L, C, and x are journal radius, length, clearance, and
rotational velocity, respectively. By substituting the nondimen-
sional variables of Eq. (8) back into Eq. (7), the nondimensional
form can be constructed as
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 !
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(9)

Inclusion of the switch function in Eq. (9) requires some attention.
Similar to the treatment in Ref. [14], the pressure induced flow
term can be re-arranged such that

g
@a
@�x
¼ g

@ a� 1ð Þ
@�x

¼ @g a� 1ð Þ
@�x

� a� 1ð Þ @g

@�x
(10)

The term ða� 1Þ@g=@�x vanishes for any a since the switch func-
tion, g only changes at a ¼ 1. Hence

g
@a
@�x
¼ @g a� 1ð Þ

@�x
(11)

Similar treatment for the other pressure driven term will simplify
Eq. (9) to
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Representing Eq. (12) in a general form suitable for discretization
and dropping all the nondimensional bars for simplifying notation,
we can write

@u

@t
þ @F

@x
þ @G

@z
¼ 0 (13)

where

u ¼ aH

F ¼ aH

4p
� b

48p2
H3 @g a� 1ð Þ

@x

G ¼ b

48 L=Dð Þ2
H3 @g a� 1ð Þ

@z

(14)

A finite volume discretization technique is applied for solving
Eq. (13). Taking the control volume integral (in this case a control
surface) of Eq. (13) over the volume (surface) of a two-
dimensional representative cell with area of Dx Dz will yield

ð ð
@u

@t
dAþ

ð ð
@F

@x
þ @G

@z

� �
dA ¼ 0 (15)

Applying the Gauss’s theorem in plane and assuming a fixed
control surface with no moving boundaries and defining
F ¼ F î þ G k̂ will result in

d

dt

ð ð
u dAþ

þ
F � n dS ¼ 0 (16)
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Defining the control surface average quantity as

�ui;j ¼
1

Ai;j

ð ð
u dA ¼ 1

Dx Dz

ð ð
u dx dz (17)

and performing the contour integral over the boundary of the
representative 2D cell for the last two terms in Eq. (16) will
yield

d�ui

d�t
þ

Fiþ1
2
;j � Fi�1

2
;j

Dx
þ

Gi;jþ1
2
� Gi;j�1

2

Dz
¼ 0 (18)

where the 1=2 indices correspond to the value of the flux at the cell
boundary as compared to the flux values at the cell center. In order
to discretize the time dependent term, a first-order Implicit Euler
method is adopted here. Hence, Eq. (18) can be written as

�ui;j
nþ1 � �ui;j

n
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2
;j

nþ1 � Fi�1
2
;j

nþ1

Dx
þ

Gi;jþ1
2

nþ1 � Gi;j�1
2
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(19)

where superscript n indicates a variable value at the current time-
step and superscript n þ 1 is to represent a variable value at the
next time-step. Common to the implicit schemes, the variable
value in the next time-step needs to be expressed in terms of the
variable and its gradients at the current time-step by means of a
Taylor series expansion of the fluxes
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where d�ui;j ¼ �ui;j
nþ1 � �ui;j

n and Fiþ1
2
;jj

n ¼ Fiþ1
2
;j �ui;j

n ; �uiþ1;j
nð Þ.

Other terms in Eq. (19) are treated in a similar fashion. Plugging
zero- and first-order Taylor expand terms back into Eq. (19) will
result in
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where
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2
;j

n

Dx
�

Gi;jþ1
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2

n

Dz

is the flux integral that is evaluated at the nth time-step.
As noted by Vijayaraghavan and Keith [15,26], Eq. (9) has dif-

ferent characteristics in the full film and cavitation regions; being
an elliptic PDE (similar to the Laplace equation) in the full film
region and a hyperbolic PDE (similar to wave equation) in the
cavitated region. Since the nature of the governing equation in the
full film region is elliptic, the solution is expected to be smooth
and hence central differencing schemes are desirable in this
region. On the other hand, the hyperbolic nature of the PDE in the
cavitated region necessitates the use of upwind flux functions to
capture discontinuities and sudden changes in the flow field.

Vijayaraghavan and Keith [15,26] proposed adding higher-
order artificial viscosity terms to the shear term in Eq. (9) in such
a way that pressure induced flow terms exist in the full film region

but vanish in the cavitated region. The whole equation can now be
centrally differenced such that by substituting g ¼ 1 in the full
film region, the central differencing remains in effect; and in the
cavitation region central differencing automatically switches to
second-order upwind differencing by substituting g ¼ 0 [15]. The
shear term is then approximately expressed as
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¼ @
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u� 1� gð Þ @2u
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(22)

By adding the artificial viscosity terms of Eq. (22), the fluxes in
Eq. (14) are to be updated such that

u ¼ aH

F ¼ u
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Substituting Eq. (23) into Eq. (21) will yield the discretized form
of the governing PDE for the cavitation problem. Details of the
substitution and the final discretized equation are given in the
Appendix.

3.2 Solution Procedure. The discretized equation as detailed
in the Appendix is shown to take the final form of

LHS ¼ X�2 dui�2;j þ X�1 dui�1;j þ XZ0 dui;j

þ Xþ1 duiþ1;j þ Z�1 dui;j�1 þ Zþ1 dui;jþ1 (24)

The set of linear algebraic equations arisen form the discretized
Reynolds equation has been solved in the literature with a variety
of different methods such as conventional explicit successive over
relaxation (SOR) scheme [7,13], implicit successive line over
relaxation (SLOR), alternate direction implicit (ADI) [3,14], Mul-
tigrid SOR [16,17], and approximate factorization (AF) technique
[15,26]. Linear systems arisen from implicit time schemes of the
Adams/Elrod algorithm have commonly been solved using the
approximate factorization technique [15,26,28,29].

Equation (24) is a single equation written for a representative
cell for which its value depends on its immediate neighbors. By
solving Eq. (24), the change in solution of the representative cell
dui;j at each time-step can be found. Writing Eq. (24) for all con-
trol volumes in the field gives a linear system of equations which
takes the form of

ðI þ Dt Dx þ Dt DzÞdU ¼ FI (25)

Assuming a n by m mesh, dU and FI are column vectors of size
n� m. I; Dx; Dy are square matrices with n� m rows and n� m
columns. The underlying assumption in the approximate factoriza-
tion technique is that the left-hand side (LHS) of Eq. (25) can be
approximated by

ðI þ Dt Dx þ Dt DzÞ ¼ ðI þ Dt DxÞðI þ Dt DzÞ (26)

An extra term Dt2 Dx Dz is added to the LHS of Eq. (25) as a
result of the assumption as in Eq. (26). For time accurate solu-
tions, this induced error is tolerable due to the fact that the space
discretization was chosen to be second-order accurate for both full
film and cavitation regions. However, if a higher-order space dis-
cretization scheme is needed, such approximation will force the
whole scheme to be only second-order accurate. Hence, for any
higher-order space discretization, the AF technique cannot be
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implemented unless the interest is only in finding the steady-state
solution.

The major benefit from the AF technique is its ability to decou-
ple the two physical dimensions such that the solution can be
sought in x and z directions in a two-step process

ðI þ Dt DxÞd ~U ¼ FI

ðI þ Dt DzÞdU ¼ d ~U
(27)

where ~U is the axillary solution vector. The tridiagonal linear sys-
tems of Eq. (27) can be solved on the domain, row by row and col-
umn by column, such that the size of coefficient matrices Dx and
Dz can be significantly reduced from a full matrix of n� m by
n� m for the whole domain to just m� m and n� n, respectively.
Such reduction can be beneficial wherever computer memory is of
concern, but it does not significantly affect the overall computa-
tional cost since each linear system of reduced size needs to be
repeatedly solved for every row and every column. As an alterna-
tive to the existing solution schemes and to enhance the robust-
ness of the solver, a new scheme is proposed in this study.

3.3 Proposed Iterative Solver. The proposed scheme is
mainly consists of three modifications to the currently existing
and widely used Elrod/Adams algorithm with Vijayaraghavan and
Keith treatment [11,12,15] such that:

(1) The system of linear equations is directly solved via Gaus-
sian elimination in a single step for the full linear system
(FLS) of Eq. (24) as shown in the Appendix. Solving the
full system as compared to the approximate factorization
based schemes has two immediate benefits: First, the low
frequency error is attenuated much more effectively at each
iteration and hence considerably fewer iterations are
required for convergence. Second, it does not introduce an
artificial error of second-order to the discretization and
hence can be used for implicit time-accurate simulations.
The scheme that is based on the direct solve of the full lin-
ear system of Eq. (24) will be referred to as FLS in this
paper. It shall be noted that since in majority of lubrication
problems the total number of elements is fairly limited,
obtaining the exact solution to the discretized system is effi-
ciently possible and hence implementation of iterative solv-
ers for the linear system is not justified for the lubrication
problem.

(2) The automatic time stepping method used here is based on
an effective optimization scheme recently proposed by
Ceze and Fidkowski [30] for aerodynamic problems. The
update to the time-step size and the solution update at each
iteration essentially will depend on an under-relaxation
parameter x such that

Unþ1 ¼ Un þ xr dU (28)

The updated time-step magnitude is also a function of the under-
relaxation parameter

Dtnþ1 ¼
c Dtn; xr ¼ 1

Dtn; 0:01 � xr � 1

k Dtn; xr < 0:01

8>><
>>: (29)

where xr is the under-relaxation parameter, and k and c are tuna-
ble parameters with default values of 0.1 and 2, respectively.
Defining the L2 norm of the residual RðUÞ as

kR Uð Þk2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
i

P
j R Uð Þij2

imax jmax

vuut
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
i

P
j FIij

2

imax jmax

vuut
(30)

Note that the flux integral is a function of the available solution at
the current time-step: FI ¼ FIðUnÞ. Algorithm 1 shows the steps
for estimating the value of the under-relaxation parameter xr:

Note that a line search algorithm is incorporated with the
implicit solver to guarantee the reduction of residual norm in the
next nonlinear iteration.

(3) The switch function is implemented based on the improved
scheme of Fesanghary and Khonsari [31] such that while
iterating, the switch function exponentially decays toward
zero in cavitation region and exponentially grows toward
unity in the full film region unlike the binary switching in
the Elrod algorithm. The implementation is shown in
Algorithm 2.

where gFactor is switch function multiplier with reported optimal
value of 0.8 in Ref. [31].

4 Numerical Results

The proposed numerical scheme of Sec. 3.3 is compared to the
traditional scheme based on the approximate factorization as
implemented in Refs. [15], [26], [28], and [29]. Equation (A10) is
solved over a structured mesh on the surface of a journal bearing
as shown in Fig. 1(a). The computational domain is depicted in
Fig. 1(b). The performance study of the scheme is categorized
based on the solver type (AF or Full) and selected bulk modulus
value (artificially softened or physical).

In order to show the performance in each case, three scheme
indicators are studied. First, the evolution of the L2 norm of the
residual kRðUÞk2 as defined in Eq. (30) versus number of itera-
tions is reported. The last two scheme indicators are the maximum
pressure in the field and the Sommerfeld number (an average
quantity) defined as

S ¼ l N L D

W

R

C

� �2

(31)

where N ¼ x=2p and W is the bearing load capacity defined as

W ¼
ðhcav

0

ðL
2

�L
2

p R dhdz (32)

Algorithm 1

xr ¼ 1

~U ¼ Un þ xr dU

while



 ~U�Un

Dt � R ~Uð Þ





2
> kR Uð Þk2

xr ¼
xr

2
~U ¼ Un þ xr dU

end

Algorithm 2

If aij � 1

If gFactor > 0

gij ¼
gij

gFactor
else

gij ¼ 1

end

else

gij ¼ gij � gFactor

end
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Although predictions of the cavitation algorithm depend on the
magnitudes of the lubricant bulk modulus (b) chosen for the anal-
ysis, realistic b magnitudes leads to a very stiff system of equa-
tions for which obtaining an accurate solution in a short period of
time is considerably difficult. To avoid the accuracy and slow con-
vergence issues, it is customary to choose artificially lower values
for the bulk modulus in an attempt to soften the system of equa-
tions. Numerically stable algorithms have been proposed and
shown to give acceptable results for b values of 1/100 to 1/10 of
the more realistic values of b � 2 GPa [11,28,31]. An ideal
scheme is therefore a scheme that can achieve accurate results in a
relatively fast manner while the magnitude of the bulk modulus is
as close as possible to the realistic physical values. To show the
superiority of the numerical scheme proposed in Sec. 3.3, the per-
formance prediction is carried out for the artificially softened and
realistic system of equations as follows. All problems were solved
with a personal computer on a single core of an Intel i7 chip at
3.40 GHz and 12 GB memory.

4.1 The Softened System of Equations. The boundary con-
dition used for this analysis is the Dirichlet boundary condition

for both circumferential (x) and longitudinal (z) directions as was
shown in the computational domain in Fig. 1(b). The axial Dirich-
let Boundary condition is based on selecting a grooved journal
bearing with the groove located at the maximum film thickness. If
the supplied oil pressure at the groove is equal to the cavitation
pressure Pcav, reformation happens at the groove itself and there
will be no reformation boundary to capture. This is the simplest
case for the numerical scheme and is initially selected here. The
scheme performance indicators for the softened system of
equations at the reduced bulk modulus of b ¼ 20 MPa
(	 �b ¼ 2:75� 102) is shown in Fig. 2(a) for AF and Fig. 2(b) for
the FLS representation.

By direct comparison of the L2 norm of the residual RðUÞ2 for
AF scheme in Fig. 2(a) and for the FLS scheme in Fig. 2(b), it can
be seen that both schemes do converge and reach the preset goal
of kRðUÞk2 � 10�8. However, the number of required iterations
to reach convergence is considerably lower for the full system;
being 2676 for AF versus only 82 iterations for the FLS. As the
computation cost per iteration is similar between the two schemes,
fewer iterations required for reaching convergence in the FLS
scheme also means faster convergence in computation time. To
show similarity of computational cost per iteration, central

Fig. 1 Structured 50320 mesh (a) and the computational domain (b)

Fig. 2 Performance study of the softened system of equations at b 5 20 MPa for the AF solver
(a) and the FLS solver (b)
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processing unit (CPU) computation time of both schemes for two
selected mesh sizes are compared to each other in Fig. 3.

Solution indicators for both schemes reaches the values of
�Pmax ¼ 72:93 and S ¼ 0:0427 for a predefined eccentricity ratio
of � ¼ 0:8. In order to study what proportion in computation time
and iterations is due to the effect of the full linear system repre-
sentation versus approximate factorization, AF and FLS schemes
were compared based on two different cases. “Case 1” with tradi-
tional binary switching of the switch function and with constant
time-step and “Case 2” with all the features of the proposed algo-
rithm as outlined in Sec. 3.3. Convergence plots for both cases
versus iterations and CPU time is given in Figs. 4(a) and 4(b),
respectively. It is noteworthy to mention that due to the superior
robustness of the FLS based algorithm, the fixed time-step value
chosen to perform the time marching can be chosen more than
two to three orders of magnitude higher than the biggest time-step
for which AF scheme remains numerically stable. Such an advant-
age will then result in much faster convergence as can be seen in
Figs. 4(a) and 4(b).

4.2 The Stiff System of Equations. Performance studies
for the system of equations with realistic bulk modulus values of
b ¼ 2 GPa (	 �b ¼ 2:75� 104) are shown in Fig. 5.

The AF based method in solving the stiff system shows poor
performance as can be marked by lack of convergence in Fig.
5(a). The lowest obtained value for kRðUÞk2 after 10,000 itera-
tions is only 0.018 and hence the predefined goal of 10�8 is not
achieved. On the contrary, the FLS scheme converges in just 145
iterations, only a few iterations more than what was required for

the softened system. The final obtained values for nondimensional
maximum pressure are �Pmax ¼ 70:18 and �Pmax ¼ 70:21 for the
AF and Full schemes, respectively. The distribution of error in
obtaining the nondimensional pressure ( �dP ¼ �PjFLS;b¼2 GPa

� �PjAF;b¼2 GPa) over the whole domain is shown in Fig. 6(a). The
error was found to accumulate close to and downstream of the
cavitation boundary where there is a switch in the differencing
scheme from central to upwind.

It is expected that if the norm of the residuals reaches the prede-
fined goal, the discrepancy between the calculated pressure values
vanishes. However, this is not computationally effective since the
number of iterations required for such reduction in residual norms
is far more than what is needed for the FLS based scheme and
hence its superiority in solving the stiff system of equations is evi-
dent. The L2 norm of the residual of both schemes is superim-
posed for both the softened and the rigid numerical systems
versus iterations and is shown against iteration number in
Fig. 6(b).

4.3 Verification and Comparison of Results. A mesh sensi-
tivity analysis is carried out for the nonpressurized axially
grooved bearing at b ¼ 2 GPa and � ¼ 0:8 in both x and z direc-
tions separately and are shown in Fig. 7. The maximum field pres-
sure as well as the Sommerfeld number and cavitation location at
journal centerline along x-axis are selected as target variables (u)
of interest for mesh sensitivity analysis.

As can be seen in Fig. 7, the evolution of solution parameters
with increasing mesh-size in both Z and X directions becomes
insignificant after 40 and 100 divisions, respectively. To study the

Fig. 3 CPU computation time of AF and FLS schemes for a 50 3 20 and a 100 3 40 mesh, total
iterations to converge (a), first 100 iterations for 50 3 20 mesh (b), and first 120 iterations for
100 3 40 mesh (c)
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effect of increasing mesh-size in both directions simultaneously
with estimated uncertainties in obtaining the solution, the fine grid
convergence index GCIfine

21 (an indicator of numerical uncer-
tainty in obtaining the solution for a particular mesh) as well as
extrapolated target variables Uext and corresponding grid error for

a selected mesh (50� 20, 100� 40, and 200� 80) are calculated
based on Ref. [32] and are tabulated in Table 1.

As shown in Table 1, the coarse grid (50� 20 ðx; zÞ) and
intermediate grid (100� 40) convergence indices %GCIcoarse

32

and %GCIfine
21; indicating numerical uncertainty in calculating

maximum target variables in the coarsest and intermediate grids,
do not exceed %1.2 and %0.6 for any of the calculated solution
indicators of both grids, respectively. Hence, both the coarsest and
intermediate grids are acceptable and the coarse grid is used in
this paper for scheme performance analysis.

4.3.1 Comparisons and Verification. Case 1-1: Pure Sliding
Motion Without Reformation

In this case, the 1D problem of a hydrodynamic bearing with a
convergent–divergent sinusoidal profile as shown in Fig. 8 is
studied.

This particular example is chosen identical to those of Giaco-
pini et al. [25] for comparison of the current proposed algorithm
to the LCP-based type algorithms of Refs. [19], [21], and [25].
The selected parameters are tabulated in Table 2. The external
pressures are chosen as P0 ¼ Pa ¼ 0, and hence, no film reforma-
tion occurs. The pressure curve is calculated by the FLS algorithm
at a remarkably high bulk modulus of b ¼ 100 GPa (to mimic
incompressibility) on a uniform mesh of 60 elements and is

Fig. 4 Performance study (a) and CPU computation time (b) of
the softened system of equations at b 5 20 MPa for AF and FLS
schemes with binary switch function and fixed time-step

Fig. 5 Performance study of the stiff system of equations at b 5 2 GPa for the AF solver (a)
and the full linear system solver (b)

Fig. 6 Error distribution dP (a) and L2 norms of the residual
(R2) versus iterations for rigid and softened system based on
AF and FLS schemes (b)

031703-8 / Vol. 139, MAY 2017 Transactions of the ASME

Downloaded From: http://tribology.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jotre9/935809/ on 06/29/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use



compared to the incompressible solution of Giacopini et al. [25]
in Fig. 9(a).

Case 1-2: Pure sliding motion with reformation
If the external pressures are chosen as P0 ¼ Pa ¼ 1 MPa, refor-

mation takes place in the lubricated film. The obtained pressure
distribution is calculated and compared to that of Ref. [25] and is
shown in Fig. 9(b).

Pressure distributions obtained by the FLS algorithm agrees
with the results of Giacopini et al. [25] with and without reforma-
tion as depicted in Fig. 9. This agreement was indeed expected as
both algorithms are mass conserving.

Case 2-1: Axially grooved journal bearing with nonpressured
groove (no reformation)

Comparison of the scheme indicators as well as the predicted
solution indicators of a nonpressured grooved journal bearing
( �Pg ¼ 0) for a range of lubricant bulk modulus is given in Table 3
at an eccentricity ratio of � ¼ 0:8 and are compared with the
reported results of Vijayaraghavan and Keith [18] for a 150� 8
grid.

Case 2-2: Axially grooved journal bearing with pressured
groove (with reformation)

If the supplied oil pressure at the groove is greater than the
atmospheric pressure, a reformation boundary appears at a loca-
tion other than the groove. In this case, locating the reformation

boundary is difficult since the reformation front changes position
with solution evolution and hence makes it a more challenging
problem to be numerically solved and to reach the desired conver-
gence. Similar performance analysis was carried out for a journal
bearing with pressurized grooves at �Pg ¼ 2 p and the results are
tabulated in Table 4 against results of Vijayaraghavan and Keith
[18].

The pressure distribution on journal surface for both the non-
pressured groove and pressured grooved journal bearings are
shown in Fig. 10 for a Mesh size of 50� 20.

Direct comparison of the predicted parameters for both non-
pressured and pressured supply groove journal bearings as in
Tables 3 and 4 can reveal the significant importance of the chosen
values for the lubricant bulk modulus on reported results. Such
dependency has been denied [18], has not paid adequate attention
to and therefore ignored [14,28], or fully acknowledged
[19,20,22] in the literature. To better illustrate this, two solution
parameters that are most sensitive to the chosen value of the bulk
modulus are chosen (Pmax and S) and the error in obtaining them
for a range of applied lubricant bulk modulus is calculated and is
shown in Fig. 11. The reference value for error estimation was

Fig. 7 Mesh-sensitivity analysis in Z (a) and X (b) directions

Table 1 Sample calculations of discretization errors

U ¼ Pmax U ¼ S U ¼ �xcav

U1 (fine grid) 70.1928 0.0385 0.5475
U2 70.1674 0.0385 0.5450
U3 (coarse grid) 70.2087 0.0380 0.5500
Uext

32 70.1012 0.0385 0.5400
Uext

21 70.2336 0.0385 0.5500
%eext

32 0.0944 0.1332 0.9259
%eext

21 0.0581 0.0139 0.4545
%GCIcoarse

32 0.1179 0.1667 1.1468
%GCIfine

21 0.0726 0.0174 0.5708

Fig. 8 Schematic of a convergent–divergent bearing under
pure sliding motion as in Ref. [25]

Table 2 Sliding bearing physical and geometrical parameters as in Ref. [25]

Case hmaxðmmÞ hminðmmÞ aðmmÞ l ðPa� sÞ Uðm=sÞ PcðMPaÞ P0 ¼ PaðMPaÞ

1-1 0.025 0.015 125 0.015 4 0 0
1-2 0.025 0.015 125 0.015 4 0 1
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chosen to be the converged values at physical lubricant bulk mod-
ulus of b ¼ 2 GPa such that

Error ¼
ujb
 � ujbphysical

ujbphysical

(33)

where b
 is the bulk modulus value used for analysis. The con-
verged values of pressure distribution at journal midspan against
lubricant bulk modulus are shown in Fig. 11.

The variation of calculated error in solution parameters versus
the bulk modulus as in Fig. 11(a) suggests that the b dependency
is significant for very low values of b and by increasing the lubri-
cant bulk modulus toward b ¼ 2� 107 and beyond, the error in
obtaining the solution drops below 3% in magnitude. As
increasing b is crucial in obtaining the correct solution, the inherit
numerical difficulty associated with higher b values becomes
problematic for the AF based scheme while it almost has no effect
on the proposed FLS based scheme and hence a great indicator for
robustness of the proposed numerical scheme. Although b
dependency for cavitation solution from Elrod algorithm has been
previously addressed [19,20,22], a thorough quantitative stability
analysis is missing in the literature. Implementing the FLS scheme
has a second advantage over the AF schemes since the full
coefficient matrices that are constructed during the solution proce-
dure represent the numerical scheme as a whole and are ideal for
eigenvalue analysis [33], which is required to assess the stability
of a numerical scheme. This is further addressed in Sec. 4.4.

Case 3: High eccentric journal bearing with pressurized
groove

The ultimate test for the efficacy and robustness of the FLS
based algorithm is to solve for the combination of stiff numerical
system with physical bulk modulus of b ¼ 2 GPa under high
eccentricity ratios of � ¼ 0:9 � 0:99 with a pressurized groove of
�Pg ¼ 20 p where the cavitation reformation boundary is to be
captured. Calculated pressure contours and corresponding conver-
gence plots for a range of eccentricity ratios are given in Fig. 12.
Results of Fig. 12 are all obtained for a finer mesh of 100� 40.
This particular choice of mesh was indeed required to accurately

Table 3 Comparison of predicted parameters of a nonpressurized grooved journal bearing

Current study Current study Current study Ref. [18]

b 20 MPa 30 MPa 2 GPa 	 30 MPa

Solution method AF FLS AF FLS FLS AF

�Pmax 72.2759 72.4370 71.4976 71.4976 69.6741 70.18
S 0.0364 0.0362 0.0366 0.0366 0.0374 —
�W 7.5823 7.6081 7.5265 7.5265 7.3645 7.14

Cav. location (�x) 0.5433 0.5500 0.5500 0.5500 0.5500 0.553
Ref. location (�x) — — — — — —
Time steps to steady-state 2108 93 3104 94 144 2354

Table 4 Comparison of predicted parameters of a pressurized grooved journal bearing

Current study Current study Current study Ref. [18]

b 20 MPa 30 MPa 2 GPa 	 30 MPa

Solution method AF FLS AF FLS FLS AF

�Pmax 73.0067 73.1731 72.2094 72.2094 70.3793 70.81
S 0.0324 0.0323 0.0326 0.0326 0.0333 —
�W 7.3145 7.3394 7.2597 7.2598 7.1018 6.87

Cav. location (�x) 0.5433 0.5500 0.5500 0.5500 0.5500 0.553
Ref. location (�x) 0.9100 0.9100 0.9100 0.9100 0.9100 0.900
Time steps to steady-state 4950 235 7429 264 428 10,380

Fig. 9 Comparison of the calculated film pressure based on
the FLS in the current study versus the LCP based results of
Giacopini et al. [25] for case 1-1, (a) and 1-2, (b)
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capture the high pressure gradients in high eccentric devices.
Based on the convergence plots of Fig. 12(b), it can be easily
inferred that the performance of FLS based algorithm is not
affected by the choice of eccentricity ratio. However, the diffi-
culty in resolving the reformation boundary demands more itera-
tions to reach convergence compared to the unpressurized cases
of Fig. 5.

4.4 Numerical Stability of the Cavitation Algorithm. A
numerical stability analysis is performed based on the eigenvalue
analysis of the coefficient matrix for a pressurized grooved
journal bearing at a range of lubricant bulk modulus values as low
as b ¼ 2� 105 (	 �b ¼ 2:75) up to b ¼ 2� 109 (	 �b
¼ 2:75� 104). The coefficient matrix used for analysis needs to
be in the form of Eq. (A11) for the eigenvalues to represent the
numerical system as a whole. The calculated eigenvalues are
depicted in Fig. 13.

By analysing the eigenvalues k of Fig. 13, it is evident that
there is a space structure to the calculated eigenvalues, being
spread on both real and imaginary axis as in Figs. 13(a)–13(c) and
yet maintaining a structure close to the origin as shown in Fig.
13(d). It can be also seen that as the bulk modulus increases in
magnitude, the space span of the eigenvalues expands in both real
and imaginary axis and shifts leftward toward the origin on the
real axis. An increase in the real part of the eigenvalues as well as
an increase in their imaginary part at the same time is associated
to the coexistence of lower and higher frequency harmonics with

Fig. 10 Pressure distribution of a nonpressured supply groove journal bearing of case 2-1 (a)
and for a pressurized supply groove with Pg 5 2 p of case 2-2 (b) both at �5 0:8 with a physi-
cal choice of bulk modulus b 5 2 GPa

Fig. 11 Error in obtaining solution parameters versus choice
of bulk modulus, b (a) and pressure variation at midspan with b
(b)

Fig. 12 Pressure contours for a high eccentric journal bearing
at �5 0:95 with pressurized groove at Pg 5 20 p and physical
bulk modulus of b 5 2 GPa (a) and the corresponding conver-
gence plots for a range of eccentricity ratios (b)
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higher amplitudes in the solution i.e. increased difficulty to
resolve the errors. As a result, schemes that are inherently prob-
lematic in dealing with low frequency errors like Approximate
Factorization are not suitable for the cavitation problem. Another
indicator for numerical difficulty in obtaining the solution is high
values of numerical stiffness.

Defining stiffness of a numerical scheme as Knum ¼
maxðjReðkÞjÞ =minðjReðkÞjÞ, it can be shown how stiffness
increases exponentially with increasing bulk modulus as shown in
Fig. 14(a) for a range of eccentricity ratios. The effect of the
applied load i.e. eccentricity ratio on numerical stiffness for a
range of selected bulk moduli is shown in Fig. 14(b) as well as the
choice of number of elements in both x and z directions in Figs.
14(c) and 14(d). A 100� 40 mesh was used to calculate the
results of Figs. 14(a) and 14(b) and a bulk modulus of b ¼ 2 GPa
was used for the calculations in Figs. 14(c) and 14(d). Since
Figs. 14(c) and 14(d) are designed to study the change of
numerical stiffness versus Mx and Mz, the mesh divisions in the
alternate direction is to be kept constant and was set to Mz ¼ 40
and Mx ¼ 100 for Figs. 14(c) and 14(d), respectively.

From the numerical stiffness results of Fig. 14, it can be identi-
fied that increasing static load renders the numerical system
slightly stiffer but not with a great margin. It can also be seen
from Figs. 14(c) and 14(d) that the choice of mesh size in both
directions is insignificant in numerical stiffness. However as
expected, an order of magnitude increase in lubricant bulk modu-
lus significantly increases the stiffness of the numerical system
regardless of the static load (i.e. eccentricity ratio). In order to
maintain the stability of such stiff numerical system, solvers are
usually forced to choose unreasonably small time steps which
leads to very slow convergence. In the lubrication problem where
accuracy of results depend on the physical choice of the bulk
modulus, the inevitable stiff discretized numerical system needs

to be solved efficiently by means of well adopted schemes as the
one proposed in this paper.

5 Conclusion

In the current study, a modified fast converging and robust
algorithm was proposed for solving the cavitation problem in axi-
ally grooved journal bearings based on the finite volume method
(FVM). Detailed discretization of the Adams/Elrod cavitation
algorithm with Vijayaraghavan and Keith treatment was derived
and presented based on the FVM. The solution of cavitation prob-
lem was shown to strongly depend on the specific values chosen
for the bulk modulus of the lubricant. Since the realistic and phys-
ical values of the bulk modulus can render the discretized system
of equations too stiff and therefore numerically very difficult to
solve, many researchers used artificially low values of b to cope
with this difficulty. This was demonstrated by studying the stiff
and artificially softened system and solving them by both AF
based scheme and the proposed scheme. It was shown how the
new proposed scheme that is based on the direct solve of the full
linear system is capable of handling the stiff system for any cho-
sen value of the bulk modulus b. The new scheme showed a sig-
nificant improvement in the robustness compared to traditionally
used Approximate Factorization based schemes. Calculations
were carried out for journal bearings with pressurized supply oil
and with atmospheric supplied lubricant. In the pressurized case,
the reformation boundary was particularly difficult to resolve with
the AF based scheme whereas the FLS scheme showed almost no
change in its convergence behavior.

The numerical stability of the fully discretized system was also
analyzed by means of eigenvalue analysis of the coefficient matrix
of the full linear system. It was shown that by increasing the bulk
modulus, the space span of the eigenvalues of the system both

Fig. 13 Eigenvalues of the full linear system for a range of lubricant bulk modulus
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expands and shifts toward the right half plane as a clear indicator
for difficulty in the convergence of the discretized numerical sys-
tem. Effects of static load and mesh size were also studied on the
stability of the system and it was found that their impact is negli-
gible compared to dominant significance of varying bulk modulus
values. By studying the numerical error caused by the artificial
choice of lower bulk modulus values, it was found that a reduction
of maximum two order of magnitudes can be tolerated to prevent
the final solution from deviating more than 3% from the ideal case
with physically chosen values for lubricant bulk modulus.
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Nomenclature

C ¼ radial clearance (m)
D ¼ journal bearing diameter (m)

Dx, Dz ¼ decoupled coefficient matrices of the dis-
cretized PDE system in x and z directions

e ¼ eccentricity (m)
%eext

21, eext
21 ¼ coarse and fine grid extrapolated relative

errors in numerical calculation of the field
variable

F, Fi61
2
;j ¼ x-component of the flux vector and its

value at control volume interfaces
FI, FIn ¼ flux integral vector and control volume

average flux integral at time-step n
G, Gi;j61

2
¼ z-component of the flux vector and its

value at control volume interfaces
GCIcoarse

32;GCIfine
21 ¼ coarse and fine grid convergence index
g ¼ gFactor
h ¼ oil film thickness, h ¼ Cð1þ � cosðhÞÞ

(m)
H ¼ nondimensional oil thickness H ¼ h=C

Knum ¼ numerical stiffness
L ¼ journal bearing length (m)

m, n ¼ number of elements in x and z directions
N ¼ rotating speed rev=sð Þ

P; �P ¼ bearing induced pressure and its nondi-
mensional form �P ¼ P= l N R=Cð Þ2

�Pmax, �Pg ¼ nondimensional maximum pressure and
supply groove pressure

R ¼ journal radius (m)
RðUÞ, kRðUÞk2 ¼ residual matrix and the L2 norm of the

residual
S ¼ Sommerfeld number

S ¼ L D l N=W R=Cð Þ2
t, �t ¼ time (s) and its nondimensional form:

�t ¼ x t
u, �u ¼ solution to the governing PDE and its

control volume average
~u, ~U ¼ axillary control volume solution and its

vector representation

Fig. 14 Numerical stiffness versus the lubricant bulk modulus (a), eccentricity ratios (b), and
number of mesh elements in x (c) and z directions x (d)
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U, dU ¼ control volumes solution vector and the
change in solution vector

W, �W ¼ bearing load capacity (N) and its nondi-
mensional form:
�W ¼ W=L D l x C=Rð Þ2

x; z ¼ circumferential and axial directions in
space

�x; �z ¼ dimensionless circumferential and axial
directions in space

Xi ¼ coefficients of the linear discretized sys-
tem in x direction. i ¼ �2;�1; 0; 1

Zj ¼ coefficients of the linear discretized sys-
tem in z direction. j ¼ �1; 0; 1

a ¼ fluid density ratio: a ¼ q=qc

b; �b ¼ lubricant bulk modulus (Pa) and its nondi-
mensional form: �b ¼ b=lx C=Rð Þ2

� ¼ eccentricity ratio � ¼ e=C
h, hcav ¼ circumferential coordinate and the cavita-

tion boundary
k ¼ eigenvalues of the discretized system

coefficient matrix
l ¼ fluid film (lubricant) viscosity (Pa�s)

q, qc ¼ fluid film density (kg=m3) and film vis-
cosity at cavitation pressure

Uext
21 ¼ extrapolated field variable in fine grid

U1;U2; U3 ¼ numerical estimate of the field variable in
fine, medium and coarse mesh

x ¼ shaft rotating speed (rad/s)
xr ¼ under-relaxation parameter

Appendix

To simplify notation it is useful to define

Hiþ1=2;j ¼
Hiþ1;j þ Hi;j

2
; and Hi;jþ1=2 ¼

Hi;jþ1 þ Hi;j

2

Hi�1=2;j ¼
Hi�1;j þ Hi;j

2
; and Hi;j�1=2 ¼

Hi;j�1 þ Hi;j

2

giþ1=2;j ¼
giþ1;j þ gi;j

2
; and gi�1=2;j ¼

gi�1;j þ gi;j

2

(A1)

Recall from Eq. (23)

u ¼ aH

F ¼ u

4p
� b

48p2
H3 @g a� 1ð Þ

@x
� 1� gð Þ @2u

@x2

Dx2

3
� @

3u

@x3

Dx3

4

� �

G ¼ b

48 L=Dð Þ2
H3 @g a� 1ð Þ

@z

(A2)

Hence, the fluxes at control surface boundaries using a central dif-
ferencing formulation can be written as

Fiþ1
2
;j ¼

1

4p
ai;jHi;j þ aiþ1;jHiþ1;j

2

� �
�

bHiþ1
2;j

3

48p2

aiþ1;j � 1ð Þgiþ1;j � ai;j � 1ð Þgi;j

Dx

� �
�

1� giþ1=2;j

4p
ai�1;jHi�1;j � 2ai;jHi;j þ aiþ1;jHiþ1;j

2

� �

Fi�1
2
;j ¼

1

4p
ai�1;jHi�1;j þ ai;jHi;j

2

� �
�

bHi�1
2
;j

3

48p2

ai;j � 1ð Þgi;j � ai�1;j � 1ð Þgi�1;j

Dx

� �
�

1� gi�1=2;j

4p
ai�2;jHi�2;j � 2ai�1;jHi�1;j þ ai;jHi;j

2

� �

Gi;jþ1
2
¼
�bHi;jþ1

2

3

48 L=Dð Þ2
ai;jþ1 � 1ð Þgi;jþ1 � ai;j � 1ð Þgi;j

Dz

� �

Gi;j�1
2
¼
�bHi;j�1

2

3

48 L=Dð Þ2
ai;j � 1ð Þgi;j � ai;j�1 � 1ð Þgi;j�1

Dz

� �
ðA3Þ

The higher-order artificial viscosity terms in Fiþ1
2
;j and Fi�1

2
;j of Eq. (A3) are chosen such that by substituting g ¼ 0 in the shear term at

cavitation zone, the second-order accurate centrally differenced derivative be reduced to a second-order upwind difference

@u

@x
¼

Fiþ1
2
;j � Fi�1

2
;j

Dx

����
g¼0

¼ 1

4p
ai�2;jHi�2;j � 4ai�1;jHi�1;j þ 3ai;jHi;j

2 Dx
(A4)

Hence, it satisfies the upwind differencing in the hyperbolic cavitation zone as proposed by Vijayaraghavan and Keith [15,26]. The val-
ues of the fluxes at the control surface boundaries in Eq. (A3) is then to be substituted in the space-time discretized system of Eq. (21);
dropping all the superscripts knowing that all the terms are evaluated at the current time-step we can write

d�ui;j
1

Dt
þ 1

Dx
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2
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@�ui;j
� 1
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2
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(A5)
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where the right-hand side (RHS) of Eq. (A5) is the flux integral and can be written in its final form as

RHS¼ FI¼�
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Carrying out the partial derivations in the LHS of Eq. (A5) we will have

@F
iþ

1
2 ;j

@�ui;j
¼
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1
2;j
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6pDx 3� 2g
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3
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1
2 ;j

48p2Dx Hi;j
(A7)

and similarly for all the other partial derivative terms. Hence, the LHS in its final form can be written as

LHS ¼ X�2 dui�2;j þ X�1 dui�1;j þ XZ0 dui;j þ Xþ1 duiþ1;j þ Y�1 dui;j�1 þ Y�2 dui;jþ1 (A8)

where
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(A9)

Hence, the final fully discretized Reynolds equation can be written
as

X�2 dUi�2;j þ X�1 dUi�1;j þ XZ0 dUi;j þ Xþ1 dUiþ1;j

þ Z�1 dUi;j�1 þ Z�2 dUi;jþ1 ¼ FI (A10)

Now, as an example, considering a 2D mesh of size 4� 4 as a
subset of a bigger mesh as shown in Fig. 15.

One can form the full linear system for a 4� 4 mesh as

½A�½du� ¼ ½FI� (A11)

where

Fig. 15 A 434 mesh
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A½ � ¼

XZ0 Xþ1 Z1

X�1 XZ0 Xþ1 Z1

X�2 X�1 XZ0 Xþ1 Z1

X�2 X�1 XZ0 Z1

Z�1 XZ0 Xþ1 Z1

Z�1 X�1 XZ0 Xþ1 Z1

Z�1 X�2 X�1 XZ0 Xþ1 Z1

Z�1 X�2 X�1 XZ0 Z1

Z�1 XZ0 Xþ1 Z1

Z�1 X�1 XZ0 Xþ1 Z1

Z�1 X�2 X�1 XZ0 Xþ1 Z1

Z�1 X�2 X�1 XZ0 Z1

Z�1 XZ0 Xþ1

Z�1 X�1 XZ0 Xþ1

Z�1 X�2 X�1 XZ0 Xþ1

Z�1 X�2 X�1 XZ0

2
66666666666666666666666666666666664

3
77777777777777777777777777777777775

(A12)

and

du½ � ¼
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(A13)
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